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Abstract

In this study, we lay the groundwork for a systematic investigation of the
rigidity and flexibility of rigid origami by using the mathematical model re-
ferred to as the panel-point model. Rigid origami is commonly known as a
type of panel-hinge structure where rigid polygonal panels are connected by
rotational hinges, and its motion and stability are often investigated from
the perspective of its consistency constraints representing the rigidity and
connection conditions of panels. In the proposed methodology, vertex coor-
dinates are directly treated as the variables to represent the rigid origami
in the panel-point model, and these variables are constrained by the condi-
tions for the out-of-plane and in-plane rigidity of panels. This model offers
several advantages including: 1) the simplicity of polynomial consistency

constraints; 2) the ease of incorporating displacement boundary conditions;
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and 3) the straightforwardness of numerical simulation and visualization. It
is anticipated that the presented theories in this article are valuable to a

broad audience, including mathematicians, engineers, and architects.

Keywords: Rigid origami, statics, rigidity, stability, prestress

1. Introduction

1.1. Background

This paper presents a methodology for the analysis of the rigidity and
flexibility of rigid origami using a panel-point model. Rigid origami is a
kind of panel-hinge structure where rigid polygonal panels are connected by
rotational hinges referred to as the crease lines. In the panel-point model,
a rigid origami is described by its vertex positions, rather than the folding
angles, used in a previous related study [[]. It offers simple and systematic
formulations of consistency constraints and their derivatives.

Origami offers new topics and solutions to a wide range of fields in math-
ematics 7, B] and engineering [4, 5], and has been actively studied in recent
years. In particular, rigid origami is subject to the strict requirement of
folding without deformation of its faces, and the properties of rigid origami’s
folding mechanisms are the subject of study in mathematics, physics and
engineering.

From a theoretical perspective, rigid origami is sometimes associated with
rigidity theory, and sometimes with the kinematics and mechanics that de-

scribe its motion. In kinematics and mechanics, the motion of a rigid origami
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is investigated with respect to consistency constraints on the variables de-
scribing a motion or a displacement of a rigid origami. To formulate the
consistency constraints, a rigid origami is often modelled as a structure con-
sisting of hinge-connected rigid panels or an equivalent linkage, and the vari-
ables are selected to represent the (relative) displacements or positions of the
components of the rigid origami model; e.g., folding angles [6], or displace-
ments, or coordinates of nodes [[, B, 9, I0]. The construction of a model or
a mathematical representation of a rigid origami is a crucial step because it
greatly affects the simplicity of the resultant symbolic and numerical calcu-
lations, mechanism analysis, and folding simulation.

The rigidity of rigid origami, which is the focus of this study, was recently
introduced by He and Guest [I] using a folding angle formulation. Here we
revisit this rigidity analysis, but using a panel-point model, which has a
number of advantages. In contrast to the motion analysis of a rigid origami,
which has been widely studied, rigidity theory investigates the conditions
where a rigid origami is not foldable. The rigidity concepts employed in this
study are similar to those of the structural rigidity theory for classical bar-
joint frameworks [T, T2, I3]. In the original study [1], several levels of rigidity
are discussed in accordance with the classical structural rigidity theory; first-
order rigidity, static rigidity, prestress stability, and second-order rigidity.
These rigidity concepts are also investigated for the panel-point model in this
study by invoking the ideas used in the field of combinatorial rigidity [, I5].

While the treatment of the equations follows that in classical rigidity theory,
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Table 1: Classification of models of rigid origami with respect to the choice of the variables
and the analysis type: Classification of the analysis is based on Ref. [I6].

Analysis type Choice of variables
Vertex position description  Folding angle description
Kinematic-based; Panel-point model Rotational hinge model
rigid  faces  and (M, B, 7, 18]

crease lines without
rotational stiffness

Intermediate; Rigid truss model [7]
analysis with mixed Truss model with pyramid
conditions in two framework [g]

types of analysis Frame model [9, 00]
Mechanics-based; Bar and hinge model [19, 20]
elastic (plastic) faces Finite element model with
and crease lines shell elements [20, 21]

this study contributes to the field by presenting a new construction and
physical interpretation of a rigid origami model, which will also be useful
to allow origami engineers to systematically develop a mechanism analysis

using the proposed model.

1.2. Analysis and models of rigid origams

This section provides a comprehensive review of the characteristics of
various models of rigid origami, and the advantages of the panel-point model
are summarized. Models and mathematical representations of rigid origami
can be classified with respect to their variables and the analysis types where
they are used (see Table M and Fig. M). The variables can be roughly classified
into a wvertex position description (nodal position description) or a folding
angle description. The former uses the positions of the vertices or other

specified parts of a rigid origami as variables. Therefore, it can directly

4
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Figure 1: Models of rigid origami where the physical representation of the bodies for ex-
pressing the deformation of rigid origami are indicated by grey components and the phys-
ical representation of the constraints are indicated by black components; (a) Panel-point
model consisting of points constrained by panels. (b) Rotational hinge model consisting
of hinges constrained by panels. (c) Truss model consisting of nodes constrained by bars.
(d) Frame model consisting of frames constrained by hinges.
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represent the shape of an origami in three-dimensional space, and it is easy
to introduce displacement boundary conditions and visualize the shape. The
latter takes the folding angles of the crease lines (the complementary angles
of the pairs of faces adjacent to the crease lines) as variables. Although the
folding angle description is the simplest way to express the folding state,
it is not easy to introduce boundary conditions because of the complicated
nonlinear relationship of the vertex positions to the folding angles.

Depending on the level of idealization of the structure, the analysis of
rigid origami can be classified into three major types: kinematic-based anal-
ysis, mechanics-based analysis, and intermediate analysis. Kinematic-based
analysis assumes that each face is not deformed, and only the relative rota-
tion of the faces at each crease line occurs as the deformation of an origami.
Mechanics-based analysis considers elastic or plastic deformation of the faces
under external loads or forced displacements, and often considers rotational
stiffness of the crease lines; i.e., the physical properties of the materials and
elements are incorporated. As an intermediate between the above two types,
the analysis is also often performed to find an equilibrium state with external
loads as considered in the mechanics-based analysis under the assumption of
the rigid faces in the kinematic-based analysis. Further details on the various
analyses and models can be found in Ref. [16].

As shown in Table [0, the panel-point model is introduced for performing
kinematic-based analysis in the vertex position description, which has not

been covered so far. The vertex positions are explicitly treated as the vari-
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ables, and these variables are constrained by the consistency constraints to
guarantee the rigidity of panels. The consistency constraint equations are
formulated in polynomial form with respect to the in-plane and out-of-plane
deformation of each panel which correspond to length constraints and copla-
nar constraints, respectively. Here, for each panel, the in-plane direction is
parallel to the plane in which the panel is located, and the out-of-plane direc-
tion is orthogonal to it. The former constraints are formulated to constrain
the length of all boundary edges of a face and some diagonals when the face
has more than three edges. The latter constraints are formulated so that for
each constraint, four of the vertices of a face are on the same plane, and for
a face with more than four edges, several coplanar constraints are imposed.
The choice of vertex sets for the imposition of length and coplanar constraints
is generically arbitrary, and it is shown that the choice does not affect the
rigidity and flexibility considered in this paper although the distribution of
internal forces corresponding to the constraints may change. Note that the
length constraints are equivalent to the formulation used in the truss model
or the bar-joint structures, while the coplanar constraints differ: the copla-
nar constraints in the truss model are usually formulated as trigonometric
equations, or small out-of-plane deformation is penalized by applying a high
bending stiffness to the panels in the intermediate or the mechanics-based
analysis.

As a final comparison between the models used for the kinematic-based

analysis in Table [, Table B juxtaposes features of the point-panel model with
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the rotational hinge model [1]. The notable advantages of the model used in

this study are:

1. the simplicity of consistency constraints, which are in polynomial form,
2. the ease of incorporating displacement boundary conditions,
3. the straightforwardness of numerical simulation and visualization,

4. the intuitively comprehensible physical interpretation of loads and in-

ternal forces.

1.8. Structure of this article

Section B presents the formulation of the length and coplanar constraints
based on the structure of the underlying graph of a rigid origami. In Sec-
tions B — B, rigidity analysis of a rigid origami is presented following the
definitions of rigidity and flexibility in Ref. [0]. First-order rigidity and flex
are defined in Section B using first-order derivatives of the constraints. Sec-
tions @ and B introduce the idea of load and internal force in the context of
rigidity analysis and discuss the static rigidity and prestress stability of the
point-panel model. In addition, section B discusses second-order rigidity as
the next level of rigidity. Although some studies have discussed higher-order
flexibility in the bar-joint framework [22, 23], the present paper only consid-
ers this up to second-order. Note that the displacement boundary conditions
are not considered in Sections B — B for simplicity, but are introduced in

Section [@. Finally, the conclusions of this paper are provided in Section B.
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Table 2: Comparison between a panel-point model (vertex position description) and a
rotational hinge model (folding angle description) in several aspects of symbolical analysis

and simulation.

Panel-point model

Rotational hinge model

Applicability

any surfaces

only for orientable surfaces

Forms of consis-
tency constraints

length and coplanar con-
straints in polynomial form

loop conditions in trigono-
metric equations

Compeatibility convenient for any form of impractical for analysis with
with  boundary displacement boundary con- displacement boundary con-
condition ditions both symbolically ditions

and numerically
Compatibility straightforward for point straightforward for moments
with external loads applied to a crease line
loads

Utility in flexibil-
ity and stability
analysis

convenient for symbolic anal-
ysis on local rigidity, generic
rigidity, and stability

convenient for symbolic anal-
ysis on local rigidity, generic
rigidity, and stability

Utility in folding
simulation

convenient for numerical
simulation by integration
over a field of first-order flex

convenient for numerical
simulation by integration
over a field of first-order flex

Utility in visual-
ization and con-
struction

convenient for visualization
due to the explicit represen-
tation of vertex position in
FEuclidean space

need to transfer the folding
angles to Euclidean coordi-
nates using the dimension of
faces
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2. Modelling

Here, the modelling of the point-panel model is introduced. An example

of a realization is shown in Fig. B(a].

Definition 2.1. A hypergraph G is a finite nonempty set of objects called
vertices together with a (possibly empty) set of subsets of distinct vertices
of G called hyper edges.

The underlying graph G for a rigid origami is a hypergraph with a cyclic
order (either forward or backward) of each hyper edge, called a cyclic hyper
edge. The vertices in a cyclic hyper edge form a panel in a cyclic sequence.

A realization p of an underlying graph G (or written as G(p)) is a rigid
origami where n" vertex position vectors pi, pa, ..., pnv € R? are assembled
into a column vector p € R (suppose the number of vertices is nV). In
this study, the following notation is used to denote a vector of vectors for

convenience:

b1

D2
p=(p1;p2; - pav) =

Pnv
We use a ’hyper edge’ not to represent a panel but to refer to a sequence
of vertices that can form a panel, including the case where these vertices
are placed in an unfavourable way, such as a non-coplanar arrangement. For

example, the hypergraph shown in Fig. has 8 cyclic hyper edges, each

10
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Figure 2: (a) An underlying graph of a rigid origami in the point-panel model, which has 8
cyclic hyper edges a-h. (b) A planar realization of (a), where the lower-case roman labels
indicate the correspondence between the hyper edges of (a) and the panels of (b).

of which forms a panel in the cyclic order:

{1, 4, 5}, {1, 5, 6, 2}, {2, 6, 7, 3}, {4, 8, 5},

{5, 8,9, 6}, {3, 7, 10, 12}, {4, 11, 8}, {8, 11, 12, 10, 9}.

A realization p needs to satisfy coplanar constraints and length constraints
to guarantee the planarity of the panel and to fix the dimension of the panel,
respectively. We investigate the rigidity of rigid origami for any realization p
satisfying the given coplanar and length constraints except for some special
cases where the coplanarity or the dimension of a panel may not be guar-
anteed. In other words, the coplanar and length constraints are assigned
before the realization p is determined. These constraints are imposed on the

vertices on each cyclic hyper edge in two ways referred to as: 1) elementary

11
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Figure 3: Realizations of a five sided panel under 2 elementary coplanar constraints and 7
elementary length constraints fixing 5 boundary lines and 2 diagonals connecting vertices
1 and 3, and vertices 1 and 4; (a), (b) Two different generic realizations obtained under
the same set of d;; for the elementary length constraints. (c) A non-generic realization
with colinear vertices 1 — 4 where the elementary coplanar constraints are not enough to
ensure coplanarity of the panel.

constraints and 2) elementary + additional constraints
(1) Elementary coplanar and length constraints

The elementary coplanar constraints are imposed on m — 3 sets of four of
m vertices on each cyclic hyper edge with m sides. For example, the model
in Fig. B, with 8 cyclic hyper edges, has 6 coplanar constraints. The coplanar
constraints are represented as cubic polynomial equations, as described be-
low, that ensure that the vertices on each cyclic hyper edge are coplanar. For
a single hyper edge with m vertices, m — 3 elementary coplanar constraints
are assigned so that at least three vertices in any single coplanar constraint

are shared with at least one other coplanar constraint, and the constraint

12
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over p;, pj, Pk, Pi 1s written as:

fc(i? Js ks l) = <(pj _pi) X (pk _pi)7 b _pi> =0
(1)

for all selected 4, j, k, l € Z*,i, j, k, | < n",

where the symbol (-, -) stands for a inner product of vectors. f¢in the above
equation is the signed volume of the parallelepiped formed by p; — pi, pr — pi
and p; — p;. Although the order of four vertices in Eq. () is not crucial,
we assume that vertices ¢, j, k, [ are arranged in this order in a cyclic hyper
edge. Then, the coplanar constraints f¢ for all hyper edges are assembled
into an n° column vector f¢ € R™, where n¢ is the total number of coplanar
constraints for the entire rigid origami. Note that the coplanarity of the
vertices may not be guaranteed by the elementary coplanar constraints for
a realization where some vertices are colinear, as for the example shown in
Fig. B(c), but such pathological cases are excluded from the discussion here.

Elementary length constraints are assigned to fix the lengths of all bound-
ary lines and m — 3 diagonals of each panel with m sides. The m — 3
length constraints on diagonals should be chosen in a way such that any
p(peZt, 2<p<m—1) vertices of this panel have 2p — 3 of these length
constraints. Each of these constraints is a quadratic polynomial equation
over p with the form:

1
fl<iy j)=3 ((pz — Pj, Di _pj> — d?j) =0
: (2)

for all selected i, j € ZT, i < j < n".

13
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d;; € R is the distance between p; and p; which is positive and satisfy the
triangle inequality. The collection of elementary length constraints f' for
the entire rigid origami is written by an n! column vector f' € ]R"l, where
n! is the total number of elementary length constraints for the entire rigid
origami. Note that the shape of a panel with more than three sides cannot
be uniquely determined in a realization p under the elementary coplanar and
length constraints as shown in Figs. and B(b), both of which have the
same constraints.
(2) Elementary + additional coplanar and length constraints

We can also impose coplanar and length constraints on all possible sets of
vertices on each cyclic hyper edge. Constraints added to elementary coplanar
and length constraints are referred to as the additional coplanar constraints
and the additional length constraints, respectively. The number of the addi-
tional coplanar constraints on each m-sided panel is (T) —m + 3, and the
number of the additional length constraints is (m — 2)(m — 3)/2. These ad-
ditional coplanar and length constraints are written by an n“ column vector
f € R™ and an n'* column vector f2 € R™, respectively, where n® and
n'® are the total numbers of additional coplanar and length constraints for the
entire rigid origami, respectively. When the additional coplanar and length
constraints are assigned in addition to the elementary coplanar and length
constraints, the shape of each panel is uniquely determined in a realization p
although there are many redundant constraints with respect to the rigidity of

rigid origami. The redundancy is reflected in the rank of the rigidity matrix

14
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defined below.

Definition 2.2. (1) Let f = (f¢ f% £ ). The solution space P of

realizations p is defined as:

P={peR™ |f(p)=0

for a given set of d;; in the length constraints},

where d;; are the distances which are included in n' + n'* length con-

straints and are subject to the triangle inequality.

The extended solution space P is also defined as:

P={peR"|[f(p)=0

for all admissible d;; in the length constraints}.

Here, ‘admissible’ d;; are any possible distances subject to the triangle

inequality.

The rigidity matriz of the entire rigid origami is the Jacobian of f:

df —difs f5Fe )
dp dp

Y

which is the (n¢ +n!+n® + n'®) x 3n¥ matrix whose (4, j) component is
the first-order partial derivative of the i-th component of f with respect
to the j-th component of p (i, j € ZT, i < n°+n'+n®+nl j <3nY).

Note that df/dp is independent of any d;;.

15
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(3) p € P is a panel-wise generic realization if the determinant of a sub-
matrix of df/dp consisting of the rows and columns corresponding to
the constraints and the vertices of each cyclic hyper edge (i.e., a rigidity
matrix of each panel) is zero only if for any q € 75, the determinant of

the corresponding submatrix of d f/dq is zero.

Note that the displacement boundary conditions are not considered in the
construction of the theories in Sections B — B for simplicity. The instructions
for the formulation of the additional constraints representing the displace-
ment boundary conditions and the extension of the idea of rigidity under the
boundary conditions are given in Section [1.

Proposition 223 below is a quick note on the invariance of the rank of the
rigidity matrix with respect to choices of vertices in the coplanar constraints

and diagonals in the length constraints.

Proposition 2.3. (Invariance of the rank of rigidity matrix) Different choices
of coplanar and length constraints have no effect on the rank of the rigidity

matrix at a panel-wise generic realization:

(1) Additional constraints forming £°* and £ do not change the rank of the

rigidity matrix:

rank (d(f;—z’?fl)) = rank (%) .

(2) Different choices of vertices for elementary coplanar constraints do not

change the rank of the rigidity matrix. In order words, suppose there are

16
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two choices of coplanar constraints f and f°:

rank (M) — rank (M) .

dp dp

(3) Different choices of diagonals for elementary length constraints do not
change the rank of the rigidity matrix. In other words, suppose there are
two choices of diagonals f'* and f'2:

d(fe YN d(fe; )
rank (T) = rank (T) .

Proof. The proof is included in the proof of Proposition B3. O]

Example 1. Consider the example shown in Fig. with 20 boundary lines
of panels and 12 vertices. The number of elementary coplanar, elementary
length, additional coplanar, and additional length constraints are n® = 6,
n! = 26, n®® = 3, and n'* = 7, respectively. The size of p is 3n' = 36.
Hence, df/dp is a 39 x 36 matrix. At the planar realization shown in
Fig. R(b], rank (df/ dp) = 27, while at 'most’ non-planar panel-wise generic
realizations, rank (d f/dp) = 30.

3. Rigidity matrix and first-order rigidity

For a coplanar constraint over four vertices p;, pj, pr, p; on the same

hyper edge, non-zero submatrices of the rigidity matrix are calculated from

17



247 Eq. (|I|) as:

W = {(pj — ) X (0 — )},
W = —{px —p) x (i = p)}",
W = {(pe — i) x (p =2}, ®)
W = —{(pi —pj) ¥ (P — pj)}",

for selected i, j, k, 1l € ZT,i, j, k, 1 <n".

28 Also, for a length constraint written as Eq. (B):

afl(i> j) — (p _p‘>T
Ip; ' I
1 . .
%}Zﬁ = (p; — )", (4)

for selected i, j € ZT, i < j <n".

20 An entire rigidity matrix d f/ dp is obtained by assembling the derivatives of
50 constraints. For example, two rows of the rigidity matrix of the rigid origami
51 in Fig. B, whose vertex coordinates are not fixed, are shown below:

afe(1, 2, 6, 5)
op

= { {(p2 —p6) x (05 —p6)}T —{(ps —ps) X (p1 —ps)}T 0 0

—{(p1 —p2) X (ps —p2)}" {(ps —p1) X (p2—p1)}T 0 0 0 0 0 0],

Tar0,2)
op = (pr—p2)" (po—p)" 000000000 O]

18
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Every 0 in the above equations is a 1 x 3 zero row vector in the above matrix

form.

Definition 3.1. Suppose the rank of the rigidity matrix is:

rank <%) —q (¢ € Z", ¢ <min(n®+n', 3n" —6))

¢ and n! are the number of vertices,

at a realization p € P. Here, n¥, n
elementary coplanar constraints, and elementary length constraints, respec-
tively.

A rigid origami G(p) is first-order rigid if ¢ = 3n¥ — 6.

A first-order flex p' = (p}; ph; ... plv) € R¥ is a vector in the nullspace

of df/ dp whose dimension is 3n" — ¢; i.e, p’ satisfies:

df
—p =0. 5)
ap? (5)
A trivial first-order flex is:
P=Apitu, i€, i<n, (6)

where A € R**3 and u € R? are a fixed skew-symmetric matrix and a fixed
translation vector common to all vertices, respectively. The dimension of

space of trivial first-order flex is 6 without displacement boundary conditions.

Remark 3.2. The panel-wise genericity of a realization p in Definition 22

implies the first-order rigidity of each panel.

19
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Proposition below and the several following propositions show the

invariance in the first-order and second-order analyses. This invariance in-

dicates that, as long as the realization is panel-wise generic, the proposed

panel-point model is robust to the choices of coplanar and length constraints

that may be differently set by users of the model.

Proposition 3.3. (Invariance of first-order flex) Different choices of coplanar

and length constraints have no effect on the space of first-order flex at a

panel-wise generic realization:

(1)

Additional coplanar and length constraints do not change the space of
first-order flex. In other words, df/dp and d(f¢; f')/dp have the same
nullspace:

d(f;—;jfl)p':0<:)gp’:0.

Different choices of vertices for elementary coplanar constraints do not
change the space of first-order flex. In order words, suppose there are
two choices of coplanar constraints f°' and f°, they satisfy the following

relation:

Different choice of diagonals for elementary length constraints do not
change the space of first-order flex. In other words, suppose there are

two choices of diagonals to form the elementary length constraints fU

20
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and f'2, they satisfy the following relation:

c. £l c. £l
LEAT WP (3 G

Proof. As mentioned in Remark B, as long as the realization is panel-wise
generic, any first-order flex restricting the motion of each panel has only a
rigid-body motion. Therefore, additional constraints and different choices of
coplanar and length constraints do not change the space of first-order flex
relating to a single panel. Since the space of first-order flex for the entire
rigid origami is the intersection of the spaces of first-order flex restricting

each panel, it is preserved under all different choices of coplanar constraints

and length constraints. O

For the rigid origami shown in Fig B, the size of df/dp is 39 x 36. At
a panel-wise planar realization in Fig. R(b], rank (df/dp) = 27, hence the
dimension of the space of non-trivial first-order flex is 3. At ‘most’ non-planar
panel-wise generic realizations, rank (d f/dp) = 30, and the rigid origami is

first-order rigid.

4. Static Rigidity

This section considers the behavior of a rigid origami from the viewpoint
of static rigidity. We introduce a restricted set of external loads and internal
forces that are work-conjugate to a first-order flex and an internal deforma-

tion, respectively. The idea of ‘internal force’ and ‘internal deformation’ are

21
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similar to the stress and strain in elasticity. The difference and connection
are shown later in this section.
In the point-panel model, the internal deformation e € Rn“+n+n+n' of

a rigid origami is defined after Definition P2 as:

e=f(p), peR™. (7)

That is to say:

e(p) =0 only if p € P. (8)

Suppose that the rigid origami is associated with a second or higher-order
differentiable strain energy U(e) € R which is only dependent on the internal

deformation e and satisfies:
U(0)=0, U(e) >0if e #0. (9)

In addition, suppose the rigid origami is subject to a second or higher-order
differentiable scalar potential V(p) which is only dependent on the position
of vertices p.

From the perspective of analytical mechanics, the total potential energy
of the rigid origami is U+ V. At the equilibrium state, the following equation

holds:
d(U+V) B dudf dV

=—=2 4 = 1
dp dedp+dp (10)

Then, the internal force and load are denoted by the column vectors w €
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R0 and [ e R3™, respectively, which are defined as:

dU dV
= |=_-" 11
YT e dp (11)

Hence, the equilibrium equation is:
— w=1L (12)

For a rigid origami G(p), if there is an internal force w satisfying Eq. (I2) for
a given load I, we say G(p) can resolve load l. In correspondence with the
types of the constraints, w is decomposed as w = (W w'; W?; W) where
w' e R, w e R", w™ € R™, and w'™ € R are associated with f¢, f!,
fe&, and £, respectively.

If the load I = 0, the internal force is referred to as a self-stress w?:
L W =0. (13)

The internal work done by the internal force w with the first-order internal

deformation df/dp - p’ is zero:

d
Win = <w, ép'> =0. (14)

According to the principle of virtual work, the external work done by the
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345

load I with the first-order flex p’ is also zero:

5Wex = <l7 p,> =0. (15>

Proposition 4.1. (Invariance of the load that can be resolved) At a panel-

wise generic realization, different choices of coplanar or length constraints

have no effect on the space of load that can be resolved, while can only

change the internal force distribution. Note that additional coplanar and

length constraints increase the dimension of internal force:

(1)

Additional coplanar and length constraints do not change the load that
can be resolved. In other words, there is an internal force w € Rn“+n'+n*4n'*
that can resolve a load I € R*" if and only if there is a pair of internal
forces w® € R™ and w' € R™ that can resolve I:

d T d c; NG

df w:l<:>('f—f) (W W) =1.

dp dp
Different choices of vertices for elementary coplanar constraints do not
change the load that can be resolved. In other words, suppose there are
two choices of coplanar constraints f° and f°, there is an internal force
w € R™ that can resolve a load I € R3" with w! € R™ if and only if
there is an internal force w® € R™ that can resolve I with w':

T T
d(fes fY) d(fe; fY)

S W) =1 Bl w') = 1.
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(3) Different choices of diagonals for elementary length constraints do not
change the load that can be resolved. In other words, suppose there
are two choices of diagonals to form the elementary length constraints
fU and f%2, there is an internal force w' € R™ that can resolve a load
l € R with w® € R™ if and only if there is an internal force w'? € R™
that can resolve I with w*®:

T T
d(f;;pfll) (WS W) = o d(f;;pflz) (W€ W) = L.

Proof. From Eq. (IH), the space of load that can be resolved is the orthogo-
nal complement of the space of first-order flex, which is invariant to different
choices of coplanar or length constraints as shown in Proposition BZ3. There-
fore, the space of load that can be resolved is also invariant to different choices
of coplanar or length constraints. In other words, the load can be resolved
only by the components of w corresponding to the predefined elementary
coplanar and length constraints, and the remaining components of w form
the self-stress.

Next, we explain how the distribution of internal forces changes with the
additional coplanar and length constraints or the different choices of ver-
tices of elementary coplanar constraints or diagonals of elementary length
constraints. First, the change of the internal force distribution for the addi-
tional coplanar and length constraints is shown. Suppose there is an w; in

the elementary and additional constraints that can resolve I, then w; could
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be decomposed as described in the following equation:

wi (wh wlla wl ’ wia)

(16)

_ c c. 1 1. nca. pla 1 la
= (W] — w5; Wy — wy; 09 07) + (w5 wy; Wi W),

where w§ and w) make the second term in the right-hand side of Eq. (I8) a
self-stress. In the following, such decomposition is referred to as a transition
between internal forces in different choice of diagonals. Similarly, suppose
(w§; wl; 0%; 0') can resolve I in a set of elementary coplanar constraints,
we have the transition between different choices of elementary coplanar con-

straints described as:

(wl ) wlv Ocal) = ( '+ w2 ) wlla wial) (w2 ) Ol Cal)
(wl ) w117 wiw) - (w§17 01 ca1)
= ("‘JEQ - w§2; w113 Ocaz) (wQ ) 01 Ca2> (wQ ) 01 Cal)?

(17)

a2

where w(? and w;** satisfy:

d(fe; o)
dp

d(fers o)

(Wi wi™) = =

(W' +wp's wi™)  (18)

for the additional coplanar constraints f°*. wg' and ws? makes the second
and third terms in the right-hand side of Eq. ([C7) self-stresses. There is also

a similar transition between internal forces in different choices of elementary
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sr7 - length constraints described as follows:

(wi; wl ; Olal) (Wi wl +w2 ; wial) (0% w2 ; wim)
= (wf; Wity W) — (0% wy'; wi™)
= (wi:; wl - w2 ) 01&2) + (OC w;, w11a2) - (OC; w;v w11a1)>

(19)

lag

7 where w2 and w!™ satisfy:

d<f12 : fla2> T
dp

d(fll : f1a1 )

i (w 11+w wlal). (20)

(wrs i) =
7wy and wy makes the second and third terms in the right-hand side of

30 Eq. ([9) self-stresses. O

;1 Definition 4.2. A rigid origami is statically rigid if it can resolve every load.
;2 A rigid origami is independent if there is only zero self-stress. A rigid origami

ss3 i @sostatic if it is first-order rigid and independent.

3¢ Theorem 4.3. (1) A rigid origami is statically rigid if and only if it is first-

385 order rigid.

3 (2) (Maxwell count) If the dimension of the space of first-order flex and

387 self-stress are denoted by nf and n®, respectively, then:

nf —n® =3n" — (n° +n' +n 4+ n). (21)
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—-o(p,—p,)*(p,—p,)

—0"(p,=p,)*(P;=p,)

o*(p,—p )*(,~p,)

)_,y
o*(p,—p,)*(P,~p,)

(a)

Figure 4: (a) Forces at vertices obtained from the internal force corresponding to the
coplanar constraint for a panel. (b) Forces at vertices obtained from the internal force
corresponding to the length constraint for a boundary line or a diagonal.

In the rest of this section, the physical meanings of load I, first-order
internal deformation de = df /dp - p’, and internal force w are clarified. A
load 1 is the work conjugate of a first-order flex p’, hence is in the form of
concentrated force on each vertex.

Here, the physical meanings of first-order internal deformation and in-
ternal force are explained in simplified forms. Suppose vertices 1, 2, 3, 4
are coplanar, the first-order internal deformation de® € R for the coplanar

constraint over pi, ps, ps3, P4 is:

dfc<17 27 37 4) / / / /
de® = P1; P2; D3 P
d(p1; pz;ps;p4)< 15 P Py Pa)

— (12— p3) X (1 — p3), B} — (s — pa) X (D1 — pa), Pb) (22)

+((pa —p1) X (p2 = p1), P3) — ((p1 — p2) X (P3 — p2), D) -
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It means that the internal force w® € R for each coplanar constraint, which

is defined as the work-conjugate of a first-order internal deformation, is

dfe(t, ... 4) /d(ps; ...

of concentrated force on corresponding vertices perpendicular to the panel

(Fig. fifa]):

C

a uniform pressure. ; ps)Tw® is hence in the form

(pz P3) X (P4 —pg)
dfe(1,2,3,4) 7 .| (ps—pa) X (p1 = pa) e 03
d(p1; p2; p3; a) (ps — p1) X (p2 — p1) (23)
| (p1—p2) X (p3 — p2) |

Suppose there is a length constraint between vertices 1, 2, the first-order

internal deformation de' € R for the length constraint over p; and p, is:

df'(1, 2)

de! = : — o, P —Ph) . 24
d(pl’pQ)(pl py) = (p1 — P2, Pi — Ph) (24)

It means that the internal force w' € R for each length constraint is an ax-

ial force per unit length which is often referred to as a ‘force density’ [24].

dfi(1, 2) /d(pr; p2) "'

sponding vertices parallel to the boundary line or diagonal (Fig. f(b)):

is hence in the form of concentrated force on corre-

D1 — P2 d a1,2T D1 — P2
W'oor —f( )wa: w?.

dJl(la 2)T 1
7 =
d(Pl; Pz) Py — P1

d(py; p2) (25)

P2 — D1
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5. Prestress stability

This section considers a rigid origami that is not first-order rigid, but is
rigid, and elucidates how the stability of these structures is changed when
prestress or load is added. For these purposes, we carry out the second-order
analysis of the total potential energy U + V introduced at the beginning of

Section .

5.1. Unloaded case

Assume U and V have continuous second-order partial derivatives, the
second-order differential (or the Hessian matrix) of U +V with respect to the
coordinates of vertices is written as follows with a slight abuse of notation
for a product of a tensor and a vector:

AU+V) dffd@vdf dUudf  d*v

- il e P
dp? dp de?dp de dp? + dp?’ (26)

where d?U /de* and d*V /dp? are the Hessian matrix of U and V with
respect to e and p, respectively. The Hessian of constraints d?f /dp? is an
order 3 tensor with dimension (n¢+n!+n+n'a)x 3n' x3n¥. Each component
of this Hessian d?f; /dp? € R (k € ZT, k < n° +n' + n® + n) is
the Hessian matrix for a single coplanar or length constraint denoted by fy.

Since I = —dV /dp, Eq. (28) can be rewritten as follows:

ZU+V) dffa@vdf dvdf dl

= _——— 27
dp? dp de? dp + de dp? dp (27)
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7

A sufficient condition for U 4+ V' to be strictly local minimum at an
equilibrium state, which implies that the equilibrium state is stable, is that

d*(U 4 V') / dp? is positive definite for any nonzero perturbation p:

T2 (U +V)

5p >0 for any nonzero (5p < Rgnv. 28
dp?
p

op

The above derivation shows how d*(U + V') / dp? works as the ‘stiffness’ of
a rigid origami. However, if the variation (U + V') = 0 for a perturbation
0p, higher order information of energy might be necessary to determine the
stability along this perturbation.

Furthermore, d*U / de? is positive definite in Eq. (28) from the require-

ment in Eq. (9):

2

d U C ca a
66T@56 >0 for any nonzero de € R™ 7140 (29)

where de is the variation of e due to the perturbation dp. For an infinitesimal
dp, e =df /dp- op at a realization p, and the first term in the right-hand

side of Eq. (£8) is positive semidefinite:

dfTd?U d v
) T£ @éép >0 for any nonzero ép € R,

T2
J T% %%519 =0 only if 0p is a nonzero first-order flex.

(30)

In this subsection, the prestress stability is discussed assuming there is

no load (dV' /dp = 0).
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Definition 5.1. At a realization p, a rigid origami G(p) is prestress stable
if there is a positive definite matrix E € R nHn®n®)x(ntnltntni®) o) q

a vector w® € R+ +n+n' quch that:
— w'=0 (31)

and
T 2

K = .
dp dp dp?

(32)

is positive-definite where w®-d*f / dp? € R3 3" is the sum of wj[d? f, / dp?] €

R3>30 for all k € Z+, k < n® 4+ n' +n® + nla,

Physically, E is the local elasticity matriz, which is the Hessian of the
predefined energy function. K is the tangent stiffness matriz or total stiffness
matriz. w°-d?f /dp? or w-d*f /dp? is called the stress matriz. We say a
self-stress w® or an internal force w stabilizes a rigid origami if it leads to a

positive definite stiffness K.

Proposition 5.2. (Stress test) At a realization p, a rigid origami G(p) is

ca la
77 such

prestress stable if and only if there is a self-stress w® € R*“+7'+n
that the stress matrix w® - d*f /dp? is positive definite over the space of
first-order flex:

df rd2f

T (ws . d_pZ) p = <ws, p d_pr/> >0 for any first-order flex p’, (33)

where p'T[d?f /dp®]p’ is an n° + n! + n® + n'* column vector whose k-th
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component is p'T[d*f /dp®lp’ (k € ZF, k < n®+ n' + n® 4 n'?).

Proof. Necessity: if G(p) is prestress stable, the quadratic form of a first-

order flex in the left-hand side of Eq. (83) should be greater than zero, hence

the stress matrix is positive definite over the space of first-order flex.
Sufficiency: We show that if there exists a self stress w® such that w® -

d?f / dp? is positive definite over the space of first-order flex,
K(y)=-— E-—+yw° — (34)

would be positive definite by choosing a sufficiently small v > 0. First,
consider the case where a perturbation dp is a first-order flex. In this case,
clearly dp" K (v)ép > 0 for any v > 0. Next, consider the case where dp is
not a first-order flex. Here, suppose the Euclidean norm of op is ||op|| = 1.
Since the set of dp with [|dp|| = 1 is compact, the expression below has a

positive lower bound, i.e., there exists € > 0 such that:

.
4 g sp > (35)

5T
p dp ap' P =

and we have

d*f d’f
T s, J > _ s, J
op [w dPQ] op > Hw || (36)
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where ||w® - d?f /dp?|| is the matrix norm. Then, we can choose:

3

wS dz_f
dp?

0<y< (37)

so that 6p" K (v)dp > 0 for any ép with ||dp|| = 1. Furthermore, when

|lop|| # 1, we could choose the same v for op / ||dp||. O

Corollary 5.3. When the dimension of non-trivial first-order flex is nf > 0,

the bases of the space of first-order flex are denoted by p}, py, ..., P/; €
R3"" and these bases are assembled into a 3n" x n! matrix as:
P'=[py Py - Pl (38)

From Proposition B2, a rigid origami G(p) is prestress stable if and only if:

_ A2 f] -

pT {wb : d_j;} P’ e R"*™ s positive definite. (39)
D

Proposition 5.4. (Invariance of prestress stability) At a panel-wise generic

realization, different choices of coplanar or length constraints have no effect

on the prestress stability:

(1) Additional constraints do not change the prestress stability. In other
words, there is a self-stress w® € R 041 that can stabilize the

rigid origami G(p) if and only if there is a pair of self-stresses w* € R™
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and w® € R™ that can stabilize G(p):

, d*f ‘ d*(f< fY)
T s / T sc. , sl ) /

for any first-order flex p’.

Different choices of vertices for elementary coplanar constraints do not
change the prestress stability. In other words, suppose there are two
choices of coplanar constraints f' and f°, there is a self-stress w*? €
R™ that can stabilize the rigid origami G(p) with w® € R™ if and only if
there is a self-stress w2 € R™ that can stabilize the rigid origami G(p)

with w*:

E(f; f) C(f; £
T scq . sl ) T sCo . sl )
P (W W) p? ]p’>0<:>p’ [(w 5w i’ p >0

for any first-order flex p'.

Different choices of diagonals for elementary length constraints do not
change the prestress stability. In other words, suppose there are two
choices of diagonals f' and f'2, there is a self-stress w™ € R™ that can
stabilize the rigid origami G(p) with w* € R™ if and only if there is a
self-stress w™2 € R™ that can stabilize G(p) with w™ € R™:

T (w0 w) d*(fe 1) d>(f )

w*; w ~—}p’>0<:>p’T{(wSC;wsb)-—p'>0

p dp? dp?

for any first-order flex p’.
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Proof. As mentioned in the proof of Proposition BZ3, the motion of each
panel is restricted to a rigid-body motion in a first-order flex. In addition,
the transition of internal forces between different choices of coplanar and
length constraints are explained in the proof of Proposition E1. From these
properties, it can be said that the self-stress of the additional constraints
within a single panel can be resolved locally by the self-stress corresponding
to the elementary coplanar and length constraints, and the additional diag-
onals have no effect on the stability. Hence, we only need to prove that the
quadratic form does not change for different choices of coplanar or length
constraints within a single panel, since the procedure for a single panel can
be repeated to all possible choices of constraints.

Suppose there is a pair of self-stresses wi®' and ws! that can stabilize the

rigid origami. Applying the transition of internal forces within a single panel,

we have:

sc1. , sl. nsca’\ __ sc1 sci. , sl scaj sc1. sl , sca)
(Wi wi; 0%%) = (Wi + Wi Wi wy ) — (w35 0% wy )
__(, ,sc2. sl scah sc1, (sl. , scay
= (Wi Wi wy 7)) = (W™ 0% wy )

o sco sco. , .sl. nscal sca. sl . scah sc1, nsl.
= (W] — wi?; wi; 0°%2) + (w5?; 0% wy ?) — (w5 0% w

(40)

sca/ scal .. .
where w; ™" and w; * are the self-stresses of additional coplanar constraints
within the specified single panel, whose components are zero outside

the specified panel, corresponding to the different choices of elementary

36

/
scaj
1

),



509

510

511

512

513

514

515

516

517

518

519

520

521

522

523

524

525

526

coplanar constraints f and f°, respectively. Then, w5 and w5™? makes

the second and third terms in the right-hand side of Eq. (E0) self-stresses
with zero components outside the specified panel, respectively. Since
a self-stress within a single panel has no contribution to the stiffness, the
quadratic form over the stress matrix does not change for different choices
of coplanar constraints within a single panel. Exactly the same procedure
can be used for different choices of length constraints, and the proof for the
length constraints is omitted since it is straightforward from the proof for

the coplanar constraints. O

5.2. Loaded case

In this subsection, we consider the case where the load I(p) that can be
resolved and considered as the function of p is applied on a rigid origami. In

this case, Definition b is modified as follows:

Definition 5.5. At a realization p, a rigid origami G(p) is stable under load

nc+n1+nca+nla)X(nc+nl+nca+nla)

I(p) if there is a positive definite matrix E € R(

and a vector w € R0+ 40 ich that:
— w=1 (41)

and
T 2
df Edf _d JFood

K = had
dp dp “ dp? dp

(42)

is positive-definite
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Proposition 5.6. (Stress test under a load) Restrict the perturbation at a
realization p to the space of first-order flex; i.e., assume that the deformation
only occurs in the direction of a first-order flex. Then, a rigid origami G(p)
is stable under the load I(p) if and only if there is a stress w e Rt/ +n+n™
such that the stress matrix w - d?f / dp? is positive definite over the space of
first-order flex. Equivalently, a rigid origami is stable if and only if there is
a stress w such that:

pT [w : f—pj;} P’ e R"*" s positive definite, (43)
where P’ € R3""*"" is the matrix of the bases of first-order flex defined in

Eq. (B).

Proof. From Proposition B2, a rigid origami G(p) is stable under the load
I(p) that can be resolved if and only if there is a stress w € R tn+ne+n'
which leads to a positive definite w - d*f /dp? — dl / dp over the space of
first-order flex. Since a first-order flex p’ is orthogonal to I, the quadratic
form p'T[dl / dp]p’ = 0 for any p’, and thus, w-d?f /dp® —dl / dp is positive
definite. n

Remark 5.7. If the perturbation is considered in any direction, Proposi-
tion Bb@ no longer holds. However, in practice, the effect of the material
term, which is the first term of the right-hand side of Eq. (B2), is usually
larger than that of the load term, which is the third term of the right-hand

side of Eq. (B2). Therefore, in many practical cases where the perturbation
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is not restricted, a rigid origami is stable if there is a stress w satisfying
Eq. (£3). In this case, P'M[w - d?f / dp?| P’ corresponds to the total stiffness

matrix in the 'weakest’ direction.

Proposition 5.8. (Invariance of stability under load) At a panel-wise generic
realization, different choices of coplanar or length constraints have no effect
on the stability under load which only depends on p; i.e., (1) additional
constraints do not change the stability, (2) different choices of vertices for
elementary coplanar constraints do not change the stability, and (3) different
choices of diagonals for elementary length constraints do not change the

stability.

Proof. This proposition can be proved directly from the proof of Proposi-
tion b4 ]

5.3. Hessian tensor

In this subsection, explicit calculation of the Hessian tensor d?f /dp? is
shown. First, the Hessian matrix of a coplanar constraint is shown. Accord-
ing to Eq. (B), nonzero components of the Hessian matrix of a coplanar con-

straint f°(7, j, k, [) over p;, p;, pk, pi forselected i, j, k, 1 € Z*, (i, j, k, I <
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6
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570
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nV) on a hyper edge are:

0 ok — il o= pily [p5 — Pl
A2fe(i, j, k, 1) | o= el 0 i —ply  [px — pil
d(pi; pji pr; p1)? b — . [p—pi, 0 wi—pl. |
i (D — pj]x [pi —pily [Py — pi]x 0 |

(44)
where [-]x represents a cross product matrix generated from a vector, for
example:
0 Pjz — Piz  Piy — Piy
pi=pile= | po=piz 0 pp—pix | (45)
Pjy — Piy DPiz — Pjx 0

where pjz, piy, and p;, are the z, y, and z-coordinates of vertex i (i € Z*, i <
n'). Also, from Eq. (@), nonzero components of the Hessian matrix of a
length constraint f!(i, j) between p; and p; are calculated for selected 4, j €

Zt, (i<j<n’)as:

O G) LG ) OFG ) PR g

;o " OpiOp; Ip;Op;

where [ is the 3 x 3 identity matrix. Each component of the Hessian tensor
d2fy, /dp? € RV (k€ ZF, k < n® + n' + n + n'?) is assembled from

the second-order partial derivatives calculated as in Eqgs. (£4) and (£3).
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6. Second-order rigidity

In this section, we discuss the second-order rigidity and show its link with
prestress stability. The second-order rigidity is an extension of first-order

rigidity, derived from differentiating the constraints twice.

Definition 6.1. For a rigid origami G(p), a second-order flex (p/, p”) €
(R3™", R3") is the solution of the equation with a slight abuse of notation

for a product of a tensor and a vector below:

af ,
P
) (p' is non-trivial). (47)
/Tﬂp/ i ﬂp// -0
dp? dp

If there is no solution for a second-order flex, we say G(p) is second-order

rigid, otherwise second-order flexible.

Proposition 6.2. The following statements show the connection between

the second-order rigidity and the self-stress or the prestress stability.

(1) A first-order flex p’ can be extended to a second-order flex p” if and only

if for all self-stress w®,

d>f
/T s /

(2) A rigid origami G(p) is second-order rigid if and only if for any first-order
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flex p’ there is a self-stress w®(p’) such that:

/ S / d2f /
pT{w (p)-d—zﬂ}p > 0. (49)

(3) If the rank of rigidity matrix for a given rigid origami G(p) satisfies:

rank df =3n"—7 or rank df =n°+n'+n?+n*—1, (50)
dp dp

then G(p) is prestress stable if it is second-order rigid.

Proof. Statement (1): a first-order flex can be extended to a second-order

flex if and only if there exists a solution for the linear system below:

df /1 a dgf /
= T L 51
dpp P dp2p ’ (51)

which means the right hand side of the above equation should lie in the
column space of the rigidity matrix, hence is orthogonal to any self stress w?®
in the left null space.

Statement (2): from the inverse negative of statement (1), a rigid origami
is second-order rigid if and only if, for any non-trivial first order-flex p’, there
is a self-stress w®(p’) such that:

2
p" {ws(p’) : 3—;;] p #0. (52)

Either this quadratic form is positive, or can be made positive by replacing
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609

610

611

612

613

614

615

w® with —w?®.
Statement (3): from statement (2), for any first-order flex p’ there is a

self-stress w®(p’) such that:
d2f

P’ {ws(p’) )

e p > 0. (53)

When the dimension of the space of first-order flex is 1, clearly the self-stress
for a basis of the first-order flex stabilizes this rigid origami.

Next, when the dimension of the space of self-stress is 1, denote a basis
of the space of self-stress as wj. If this rigid origami is not prestress stable,

there exists a first-order flex p’ such that for all choice of 7,

d2f
T —.S _
et 2| =0 (54)
which contradicts with the condition of second-order rigidity. O

Corollary 6.3. From Proposition 62, a rigid origami G(p) is second-order
rigid if and only if there is no common solution for all the quadratic forms

below:

x’ (P’T [wf : f—pﬂ P’) x = 0. (55)

It can be seen from Proposition B2 that, prestress stability requires a
single self-stress such that the quadratic form is positive for every first-order
flex, while the second-order rigidity requires a “suitable” self-stress for every

first-order flex such that the quadratic form is positive. Physically, such a
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o6 self-stress “blocks” a possible second-order flex for a given first-order flex.

sz Proposition 6.4. (Invariance of the second-order rigidity) Different choices
sis  of coplanar or length constraints have no effect on the second-order rigidity

s10  at a panel-wise generic realization:

0 (1) Additional constraints do not change the space of second-order flex. In

621 other words, there is a self-stress w® € R +n+n'™ that can block a
622 first-order flex p’ € R3" if and only if there is a pair of self-stresses
623 w™ € R™ and w! € R™ that can block p':
Ef o df Efe Y, A Y
T / // /T ) / ) "
—0eopTSV )y AT
& (£ )
/T s / /T sc. sl ) /

e (2) Different choices of vertices for coplanar constraints do not change the

625 space of second-order flex. In other words, suppose there are two choices
626 of coplanar constraints £ and f¢, there is a self-stress w™! € R™ that
627 can block a first-order flex p’ € R* with w'! € R™ if and only if there
628 is a self-stress w*' € R™ that can block p’ with w*:

d*(f; fl) L 4G fl)

co. 1 co 1
d?(fe2; f) L dif ,f)p//

=0 _— = =0
ap? dp TP Ty dp !
d2 Cc2. 1 d2 Cc2. 1
p/T (wsq; wsl) (-{;p f )} p >0 (:)p |:( ch; wsl) (-Zp f) p > 0.

620 (3) Different choices of diagonals for generically proper length constraints do

630 not change the space of second-order flex. In other words, suppose there
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631

632

633

634

635

636

637

638

639

640

641

642

643

644

645

are two choices of diagonals f* and f'2, there is a self-stress w™! € R™
that can block a first-order flex p’ € R3" with w* € R™ if and only if

there is a self-stress w™! € R™ that can block p’ with w:

Cre M) A ) P f) A S
/T ) / ) " 0 T ) / ) " _ 0
a(f; 1) E(f, f)
T sc. sl ) T sc. sl )
P (w,wl)'d—pg p>0sp [(w,w?)-d—pz p' > 0.
Proof. The proof has been included in the proof of Proposition b4. O]

7. Displacement boundary condition

This section introduces the procedure for incorporating the boundary con-
ditions assigned to the vertex displacements. Let n® € Z* denote the number
of displacement boundary conditions, and the corresponding constraints on

p are written by using the n® column vector f* as:

fp)=0. (56)

Then, the rigidity of a rigid origami under the boundary constraints is in-
vestigated by adding f® to f as f = (f<; f1; £ £% fP). The definitions
of the first-order flex, the second-order flex, and most of the rigidity in the
previous sections remain unchanged by this extension of f except for the

first-order rigidity.
Definition 7.1. A rigid origami G(p) is first-order rigid if it has no first-
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(a) (b) (c)

Figure 5: A planar rigid origami with a single degree-3 interior vertex which is first-
order flexible and prestress stable. Different self-stress affects the stability. (a) Labelling
of vertices, (b) Distribution of self-stress which achieves a stable equilibrium state, (c)
Distribution of self-stress which achieves an unstable equilibrium state (+ and — symbols
next to the edges represent positive and negative self-stresses, respectively, corresponding
to tension and compression axial force (or force density) along edges of the rigid origami)

order flex or only trivial first-order flex. Note that especially when fP re-

stricts all the trivial first-order flexes, a rigid origami G(p) is first-order rigid
if rank(d(f<; f1 £ £ f°) /dp) = 3n".

It is also clear from the proofs that the invariance of the rigidity and stability
with respect to the choices of the constraints is guaranteed even when the
boundary conditions are assigned.

The standard procedure in structural engineering for incorporating a sim-
ple displacement boundary condition p;, = const., p;, = const., or p;, =
const. (i € Z*, i < nV) can also be employed; i.e., the columns of the rigidity
matrix and the components of the Hessian tensor corresponding the con-
strained coordinates are removed and the size of the vectors representing the
first-order and second-order flexes are reduced if they exist. In the following

examples, this approach is used.
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668

Example 2. Consider a planar rigid origami with a single degree-3 interior

vertex in Fig. B. The coordinates of vertices are given as:

vertex 1: (0, 0, 0), vertex 2: (1, 0, 0),

vertex 3: (—%, ?, O) ,  vertex 4: (—%, —?, 0) .
To constrain the overall rigid-body motion, the y, z coordinates of vertex 2,
the z coordinate of vertex 3 and the x, y, z coordinates of vertex 4 are fixed.
Note that this is one of the possible boundary conditions for constraining the
rigid-body motion.
The rigidity matrix for this planar degree-3 vertex example under above

boundary conditions has the size of 6 x 6, and its components are provided

in Appendix A The rank of the rigidity matrix is 5, and the first-order

flex, self-stress, load that can be resolved, and internal force corresponding
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669

670

671

672

673

674
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676

to load can be written as follows:

0 3 c1

0 3 Co

, 1 ] 3 0
p =a , w=1b L= ,

0 -1 C3

0 —1 Cy4

0 -1 Cs

Sb—cl+%02+c4+05
3b+C4+C5

3b+§CQ+C4+Cs

€
I

—b—C4 — %05

2 2 2 1 1
—b + gCl — §CQ + 563 + 304 — §C5

—b,

a, b7 C1, C2, C3, C4, C5 ERv

where the components of the self-stress and the internal force correspond
to the length constraints between vertices (1, 2), (1, 3), (1, 4), (2, 3),
(2, 4), (3, 4), from top to bottom. The physical meaning is clear: the
only non-trivial first-order flex is a out-of-plane motion at vertex 1 when the
above mentioned boundary condition is assigned. The self-stress is cyclically
symmetric to vertex 1.

To analyze the prestress stability and the stability under the load that can
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695

be resolved, Propositions b2 and b8 are applied to the rigid origami in Fig. B.

The stress matrices under the given displacement boundary conditions are

calculated in [Appendix_ A1, and the quadratic forms over a first-order flex

are:

2
plT |:ws . %] p/ — 9012[)7

p'T [w : 32?):] P = (9b—c; + ¢y + 3¢y + 3c5) a’.
If there is no load, the rigid origami is stable when b > 0 (Fig. B(b])]), while
it is unstable when b < 0 (Fig. B(c]). This stress distribution in the stable
equilibrium state — the interior edges are in tension and the external edges
are in compression, is well-known in the study of tensegrity structures. On
the other hand, if external load is applied, the rigid origami is stable when
9b—cy+co+3cs+3cs > 0, where the positive —cy +co+3cy+ 3¢5 > 0 leads to
the above stable stress distribution. It should be noted that the same example
is investigated using a rotational hinge model (folding angle description) in
Ref. [0], and the results for the stress tests are different; the quadric forms
in the unloaded case and loaded case are identical in the rotational hinge
model while they are different in the panel-point model. This difference is
attributed to the range of loads that can be considered in each model. The
panel-point model can consider loads that tensile/compress the entire rigid
origami in-plane, as in this example, whereas the rotational hinge model does

not.

49



696

697

698

699

700

701

702

703

704

705

- ~
z - ~

- ~
- ~
-7 RS
| > SWE” N6
y

Figure 6: A rigid origami with two degree-4 interior vertices with 8 vertices, 13 panel
boundary lines (solid line), and 4 diagonals (dotted line).

Example 3. A rigid origami with two interior degree-4 vertices shown in
Fig. Bis considered, which has 8 vertices, 7 crease lines, 6 boundary lines, and
4 diagonals. It is second-order flexible at the planar and three-dimensional
realization with specified boundary conditions, and it is second-order rigid
by adding an extra boundary condition. The hyper edges of the underlying

graph of this rigid origami are listed below.

{1, 3, 4}, {1, 4, 5}, {2,6, 7}, {2, 7, 8},

{1, 2,8, 3}, {1, 5,6, 2}.

Here, planar and three-dimensional realizations are considered, and the =z

and y-coordinates of vertices are listed as follows:

vertex 1: (—1,0),  vertex 2: (1, 0),  vertex 3: (=3, 2), vertex 4: (-3, 0),

vertex 5: (=3, —2), vertex 6: (3, —2), vertex 7: (3,0),  vertex 8: (3, 2).

At the planar realization, the z-coordinates of all the vertices are 0 while at

the three-dimensional realization, the z-coordinates of vertices 1, 2 are 2 and
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those of vertices 3 — 8 are 0.

First, to constrain the rigid-body motion of the rigid origami, the x and 2-
coordinates of vertices 2, 4 and the y and z-coordinates of vertex 6 are fixed.
Then, the size of rigidity matrix is 19 x 18 consisting of 2 coplanar constraints
and 17 length constraints, and at the planar realization, rank (df /dp) =
15. Therefore, the dimensions of the non-trivial first-order flex and the self-

stress are nf = 3 and n® = 4, respectively. A first-order flex and a self-

stress are provided in Appendix A.7 with the parameters a;, as, ag € R

and by, by, bs, by € R, respectively. The matrices P'T[w5 - d2f / dp?| P’

(1 =1, 2, 3, 4) are also shown in [Appendix A7 for the investigation of the

second-order rigidity. At the unloaded planar realization, Eq. (B5) for all

1 =1, 2, 3, 4 are summarized into the following equations:
ai — 10a1as + 7a3 + a3 = 0,
5a? — 14ajas + 8a3 = 0.

The common solutions for the above equations are:

(a1, ag, az) = (2a, a, £3a), (4a, ba, £3a) for any a € R.

Hence, this planar rigid origami is second-order flexible, and the first-order
flex in the direction described in the above equation can be extended to a
second-order flex.

On the other hand, at the three-dimensional realization, rank (d f /dp) =

o1



723

724

725

726

727

728

729

730

731

732

733

734

735

736

737

738

16, and the dimensions of the non-trivial first-order flex and the self-stress
are nf = 2 and n® = 3, respectively. At the unloaded three-dimensional
realization, Eq. (B3) for all the bases of self-stress are summarized into the
following equation:

2 _ 2 _
ay —ay = 0.

The solutions for the above equation are:
(a1, az) = (a, a) for any a € R.

Hence, this three-dimensional rigid origami is second-order flexible, and the
first-order flex in the direction described in the above equation can be ex-
tended to a second-order flex.

Next, a further boundary condition is added to the three-dimensional rigid
origami. The extra boundary condition is assigned so that the z coordinate
of vertex 1 is fixed. The size of the rigidity matrix is reduced to 19 x 17, and
rank (df /dp) = 16. Therefore, the dimensions of the non-trivial first-order
flex and the self-stress are n' = 1 and n® = 3, respectively. In the unloaded
case, the quadratic form over a first-order flex is:

/ d2 /
pT |:wsd—2:£:|p :4(b2—b3)a2.

Hence, this rigid origami is second-order rigid and prestress stable when

by > bs.
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8. Conclusions

This article has introduced a methodology for analyzing the rigidity and
flexibility of a rigid origami, which is described in terms of the Euclidean coor-
dinates of its vertices. The efficiency of this methodology has been validated
through a series of examples, including the cases with and without displace-
ment boundary conditions. Furthermore, we have demonstrated that the
key quantities in rigidity analysis remain invariant regardless of the choice
of coplanar and length constraints. The only quantity that changes due to
the different choices of constraints is the internal force distribution, and the
transition of the distribution is also shown. While this article has primarily
focused on rigidity analysis, the panel-point model can also be applied to
analysis of the higher-order and finite flexibility of rigid origami, given that
the constraints are formulated in the polynomial forms. The panel-point
model captures the kinematics of rigid origami more completely than the
truss model by introducing coplanar constraints and is more directly appli-
cable to CAD and numerical analysis. Furthermore, it covers a wide range
of structures and mechanisms consisting of flat panels connected by hinges

and pins, not limited to rigid origami, due to its formulation of constraints.

Acknowledgements

Kentaro Hayakawa was partly supported by JSPS KAKENHI Grant Num-

ber JP20J21650. Zeyuan He would like to thank the funding support from

53



70 the MathWorks Ltd. We also would like to acknowledge Prof. Makoto Ohsaki

71 at Kyoto University for his assistance in launching this project.

w2 Appendix A. Detailed calculations of derivatives

w3 Appendiz A.1. Calculations for Example 2

764 The rigidity matrix for Example 2 under the given boundary conditions
765 1S: _ _
-1 0 01 0 O
} f o0 ) f
df ¥ o900 0 0
dp V3
P lo 0 03 -3
0 0 02 0 o
0 0 00 0 V3

s The rows are for length constraints between vertices (1, 2), (1, 3), (1, 4),
e (2, 3), (2, 4), (3, 4), from top to bottom.

768 The Hessian matrix for each length constraint under the given fixed

o4



d?f(1, 2)
dp?

d’fi(1, 4)

dp?

L2 4)

dp?

o
)
o o O

o
o
o o o o o O

70 boundary condition is calculated as:

-1 0 0
0 00
0 00
1 00
0 00
0 00
000
000
0 00
000
000
0 00
000
000
000
1 00
000
0 00

95

d?fi(1, 3)

d?f1(2, 3)

d?f1(3, 4)

e
(a]

o o o o o o

o o o o o O

o o o o o O
o o O




770

Hence, the stress matrix for the self-stress is:

9 0 0 -3

0 9 0 0

d’f 0O 0 9 0
w® F:b

P -3 0 0 1

-3 0 0 1

0 -3 0 0

56

-3 0
0 -3
0 0
1 0
1 0
0 1




7 and the stress matrix for the stress under the load that can be resolved is:

o o O

W

9 0 0 -3 =3 O -1 0 0 1 00
o 9 0 0 0 -3 0O -1 0 0 00
d*f 0o 0 9 0 0 O 0O 0 -1 0 00
F: +

P -3 0 0 1 1 0 1 0 0 —-:o00
-3 0 0 1 1 0 0o 0 0 0 00
0o -30 0 0 1 0O 0 0 0 00

1 00 -3 00 000000

0 1 0 00 000O0O00©O0

0 0 0 00 000O0O00©O0

+ Co + c3
1 1 2

-3 0 3 00 00035 00

0 0 0 00 000O0O0O©O0

0 0 0 00 000O0O00©O0
3 0 0 -1 -1 0 3 0 0 -1 —1
0O 3 0 0 0 -1 0o 3 0 0 O
0o 0 3 0 0 O 0o 0 3 0 0

+ ¢y +c5
1 1 1
-1 0 3 L1 0 -1 0 3 3
-1 0 1 0 0 -1 0 T 2
0O -10 0 0 O 0O —-1.0 0 O
w2 Appendiz A.2. Calculations for Example @
773 In this section, Example B is considered. When the x and z-coordinates

72 of vertices 2, 4 and the y and z-coordinates of vertex 6 are fixed, the size of

o7



775

776

T

778

779

rigidity matrix is 19 x 18 consisting of 2 coplanar constraints and 17 length
constraints where the last 17 rows are for length constraints between vertices
(1,2), (1,9), (1, 4), (1,5), (2, 6), (2, 7), (2, 8), (3, 4), (4, 5), (5, 6), (6, 7),
(7, 8), (3, 8), (1, 8), (1, 6), (2, 3), (2, 5), from top to bottom. At the planar

realization, rank (df /dp) = 15, and a first-order flex and a self-stress can
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70 be written for ay, as, as, by, by, b3, by € R as:

- - 0 0 0 0
0 00
0 0 0 0
0 00
6 4 5 -1
1 00
3 0 2 0
0 00
0 0 0 O
0 00
3 0 1 1
0 10
3 2 1 -1
0 00
0 0 0 0
0 00 b1
a1 3 2 2 =2
, 0 00 . by
p = a |»«@=]1-3 0 -1 0
0 01 b3
as -3 0 -1 0
0 00 by
-1 o =1 1
3 3
0 00
-3 -1 -1 1
0 00
-3 -1 -1 1
-3 3 0
-1 0 0 O
0 00
0o -1 -1 1
0 00
0 -1 0 0
0 00
0 0 -1 0
-3 3 0

) ) 0o 0 0 -1

71 where the columns of coefficient matrices of (a1, as, az)™ and (by, by, b, by)"
2 are the bases of the first-order flex and the self-stress. The self-stresses cor-

73 responding to the coplanar constraints are always zero in the planar realiza-
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784

785

787

tion. At the unloaded planar realization, the matrices P'T[@s - d2f / dp?| P’

(i=1,2,3,4) in Eq. (B3) are:

_ L drf] -
P’T[w1~d—pQ]P’:6

a2f] -
“'d—pa]P’:2

5 0
-7 0
0 -1
o 0
-7 0
0 -1

p/'T | —s
; P |:w2 *

5 7 0
7 =8 0|,
0 0 0
5 7 0

On the other hand, at the three-dimensional realization, rank (d f /dp) =

16, and a first-order flex and a self-stress can be written for aq, as, by, bo, b3 €
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788

789

R as:

At the unloaded three-dimensional realization, the matrices P'T[@$-d? f / dp?| P’

a

a2

61

0 3
0}
3 3
-
0 0
0 -4
0 3
0 0
.
0 1
0 1
0
0o -1
0 -1
Lo
-1 -1
-1 0
0o -1
0 0

NI— N

D=

[\l [U%)

N[ =

[\GI[V]

|
—_

b1
bo
b3



d2f] - _ A2f1 - -1 0
/T _i 5 _f P/ — O, P/T (;J; _f / 36 ,
dp? dp?
0 1
_ - d2 _ 1 0
pT [a:; : d—ﬂ P =4
p 0 —1
701 When the extra boundary condition is assigned so that the z coordinate

792 of vertex 1 is fixed, the size of the rigidity matrix is reduced to 19 x 17, and

93 rank (df /dp) = 16. A first-order flex and a self-stress can be written for
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74 a, by, by, b3 € R as:

] o
0 2 -3
1 1
0 0 3 -3
0 3 3 0
1 1
0 I =35 3
0 0 0 0
1 3
0 0 -3 3
3 1
0 0 5 -3
a 0 0 0
3 3
0 1 3 3 by
pP=| | &= 0 1 -1 by
0 0 1 -1 bs
1 1
0 0 5 5
0 0 -1 1
0 0 -1 1
1 1 1
0 3 6 6
0 -1 -1 1
0 -1 0 0
0 0 -1 0
0 0 -1

795 This self-stress is the same as that of the three-dimensional realization before

76 adding the extra boundary condition.
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77 Appendix B. Major notation

Table B.3: Table of major notation

Rigid origami

G

Di

p=(p1; p2; -+ 5 Pav)

fC

fl

fca

fla

f=0< 15 ")

fb

an underlying hypergraph of a rigid origami

the position vector of vertex ¢ in R3

the 3nY column vector of the assemblage of p; for
all vertices

the n° column vector representing the elementary
coplanar constraints

the n!' column vector representing the elementary
length constraints

the n® column vector representing the additional
coplanar constraints

the n'® column vector representing the additional
length constraints

the n®+n!' +n +n'® column vector of the assem-
blage of f¢, f!, £°*, and f'

the n® column vector representing the displace-
ment boundary conditions

distance between vertex ¢ and j
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P the solution set of p under the coplanar con-

straints and the fully braced length constraints for

fixed d;;
O(p) a neighbourhood at p in the solution space P
P’ a first-order flex
2 T bases of the space of first-order flex
w’, w the n° column vectors representing an internal

force and a self-stress associated with the elemen-
tary coplanar constraint f¢

w, w the n' column vectors representing an internal
force and a self-stress associated with the elemen-

tary length constraint f'

ca sca

W w the n® column vectors representing an internal
force and a self-stress associated with the addi-
tional coplanar constraint f

wh w2 the n'® column vectors representing an internal

force and a self-stress associated with the addi-

tional length constraint f'°

1

w = (W W W w?)  the n®+n!+n+n' column vector of the assem-

1

blage of w®, W', W, and w'

W' = (W Wl W W) the n®+n' +n+n' column vector of the assem-
blage of w*, w*, w*? and w"®
Wi, W5, ..., Ws bases of the space of self-stress
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U a general strain energy of a rigid origami

V a general potential which a rigid origami is subject
to

e an internal deformation corresponding to the con-
straints f

l a load work-conjugate to a first-order flex p/

op a perturbation of position of vertices

Parameters

1, J, k, 1 flexible positive integers within a certain range

m, n, q fixed positive integers in a statement

ai, as, ..., ap n real parameters (n € Z™)

bi, by, ..., b, n real parameters (n € Z*)

C1, Coy ..., Cp n real parameters (n € Z™)

g, 0 real numbers in all forms of ¢ — § expressions

nY number of vertices of a rigid origami

n¢ number of elementary coplanar conditions for an
entire rigid origami

n! number of elementary length constraints for an
entire rigid origami

n number of additional coplanar constraints for an
entire rigid origami

nla number of additional length constraints for an en-

tire rigid origami
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798

799

800

801

802

803

804

805

806

808

809

810

811

812

dimension of the space of non-trivial first-order
flex of a rigid origami

dimension of the space of self-stress of a rigid
origami

number of displacement boundary conditions
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