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Abstract

This paper presents analytical formulations for the symmetry-adapted equilibrium, force density
and geometrical stiffness matrices for prismatic tensegrity structures with dihedral symmetries.
An analytical expression for the infinitesimal mechanisms is also derived.
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1. Introduction

Analytical methods can provide an in-depth understanding of a whole class of structures
that is not afforded by numerical solutions. In the first part of our study (Zhang et al.,
2008a), the (prestress) stability of the symmetric prismatic tensegrity structures has been
investigated to show that connectivity of horizontal and vertical cables and the ratio
of height to radius are critical to stability, using analytical symmetry-adapted (block-
diagonal) matrices. This paper presents the analytical formulations of these matrices in a
direct manner, based on group representation theory.

Stability, prestress stability and super stability are three stability criteria used for
tensegrity structures. Among these, stability indicates positive definiteness of the tangent
stiffness matrix K, which, as in Part I, or Guest (2006), can be written as

K =AGA" +8, (1)

where A is the equilibrium matrix, S is the geometrical stiffness matrix, and Gis a
diagonal matrix containing modified axial stiffnesses of members. Prestress stability is a
simplified version of stability, where members are assumed to be rigid; equivalently they
have infinite stiffness. A structure is said to be prestress stable when the reduced stiffness
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matrix Q, defined as the quadratic form of the geometrical stiffness matrix S with respect
to the mechanisms M, is positive definite:

Q =M"'SM, (2)

where columns of M are first-order mechanisms of the structure lying in the null-space of
AT Super stability is superior to stability and prestress stability—a super stable structure
is (prestress) stable, and furthermore, any ‘stretched’ version of it is also super stable.
Connelly (1999), and Zhang and Ohsaki (2007) have discussed the conditions for super
stability of a tensegrity structure: positive semi-definiteness of the geometrical stiffness
matrix S is a necessary condition.

For a structure with m nodes in d-dimensions, S is an md-by-md matrix. It can be
written in terms of a simpler m-by-m force density matrix E, using the Kronecher product
(®) with a d-by-d identity matrix L

=1Q®E
S dxd © &, (3)
if the coordinates are written as [..., Ty, Tiv1, - Yi, Yitls - - - 5 Zis Zit1s - - -| . Thus, for each

eigenvalue of E, there will be d copies of that eigenvalue for S, and the positive definiteness
of S can be verified by that of E.

The positive definiteness of a matrix can be verified by investigating the sign of its
smallest eigenvalue: the matrix is positive definite if its smallest eigenvalue is positive,
and is positive semi-definite if it is equal to zero. Since the size of the stiffness matrix
increases in proportion to the number of nodes, eigenvalue analysis of the matrices will be
more time consuming when the structure becomes more complex. However, for symmetric
structures, there is a systematic way to reduce the computational cost by transforming the
current (internal and external) coordinate systems into symmetry-adapted systems. In this
way, the matrices are rewritten in a symmetry-adapted, block-diagonal form: independent
blocks are located on the leading diagonal. As the eigenvalues of a matrix are not changed
by a transformation of coordinate system, the positive definiteness of a matrix can be
verified by considering the eigenvalues of its independent blocks, which are of smaller
dimension than the original matrix.

There are a number of methods to block-diagonalise the matrices for symmetric struc-
tures (Kangwai et al., 1999): in these methods, the symmetry-adapted matrices are derived
in a numerical manner, using transformation matrices. However, one numerical transfor-
mation only deals with one specific structure. In this paper, we present a direct strategy for
deriving symmetry-adapted matrices in an analytical way for prismatic tensegrity struc-
tures with dihedral symmetry, and demonstrate that these formulations can deal with
a whole class of structures. These symmetry-adapted formulations were used to investi-
gate the (prestress) stability of prismatic tensegrity structures in the first part of this
study (Zhang et al., 2008a), and to present the super stability condition for dihedral ‘star’
tensegrity structures (Zhang et al., 2008b).

Following this section, the paper is organised as follows. Section 2 gives a brief in-
troduction to group representation theory, for the dihedral group in particular. Section
3 and Section 4 respectively formulate the symmetry-adapted force density matrix and



(a) top view (b) side view

Fig. 1. The simplest three-dimensional tensegrity, a prismatic tensegrity structure with D3 dihe-
dral symmetry. The group D3 has six symmetry operations: the identity, rotation by 27/3 and
47 /3 about the z-axis, and rotation by 7/2 about the three axes Ca, C20, C2 2. The structure
consists of six nodes and six horizontal cables having a one-to-one correspondence with sym-
metry operations, and three vertical cables and struts having one-to-two correspondence with
symmetry operations.

geometrical stiffness matrix; the symmetry-adapted force density matrix is used to ob-
tain conditions for self-equilibrium and super stability of prismatic tensegrity structures.
The symmetry-adapted equilibrium matrix is presented in Section 5, using the concept of
unitary member direction; and symmetry-adapted mechanisms are then derived from its
transpose. Section 6 briefly discusses and concludes the study.

2. Group and Matrix Representation

Symmetry of a structure can be systematically dealt with by group representation
theory. To prepare for the symmetry-adapted formulations in the coming sections, some
basic concepts of group and its matrix representation are briefly introduced in this section.

2.1 Group
A group is defined by a set of elements and the combination rules between these ele-
ments, satisfying the following four general criteria (Kettle, 1995; Bishop, 1973):

(1) Closure: any two elements of the group must combine to give an element that is also
a member of the group.

(2) Associativity: the associative law of combination must be satisfied.

(3) Identity: the group must contain an element, called identity element, that commutes
with all the other elements and also leaves them unchanged.

(4) Inverse: the inverse of every element in the group is also a member of the group.

The order of a group denotes the number of elements in it. In a description of the
symmetry properties of a structure, the elements are called symmetry operations. A sym-
metry operation is an operation which moves the structure in such a way that its final
position is physically indistinguishable from its initial position. If there is at least one
point (called the central point) in the structure that does not change its position by any
symmetry operations of a group, that group is called point group. There are five different



Table 1

Irreducible matrix representations R of the dihedral group D,,. Each row corresponds to a
representation p of the group. Cj and S respectively denote cos(2ikm/n) and sin(2ikw/n). x,
y, z and R;, Ry, R, respectively stand for symmetry operations of the corresponding coordinates
and rotations about those axes.

1 (@54 Cai notes
A 1 1
Ay 1 -1 z, R,
(B1) (—1)¢ (—1)¢ n even
(Bs) (1) (—1)6+D) n even
CZ' —SZ' Cz Sz
Cit.  —Sik Cik  Sik
B [ Sit.  Cik } [ Sit.  —Cik } ke ..p}
77777777777 RA@ | R [

types of symmetry operation in a point group: (1) identity, (2) rotation about an axis, (3)
reflection in a plane, (4) improper rotation (rotation about an axis followed by reflection
in a plane perpendicular to the rotation axis, (5) inversion (reflection through a central
point; equivalently an improper rotation by 7 about any axis).

The prismatic tensegrity structures that are of interest in this study, such as the struc-
ture shown in Fig. 1, have dihedral symmetry: they are unchanged by any of the symmetry
operations in the dihedral group D,,. The dihedral group is a point group, and consists of:
(1) the identity operation E(= C?); (2) n — 1 rotation operations C? (i € {1,...,n —1})
about a principal axis; and (3) n two-fold rotation operations Cs; (i € {0,...,n — 1})
about axes perpendicular to the principal axis. The order of a dihedral group D,, is 2n.
For convenience, we take the z-axis of the Cartesian coordinate system as the principal
axis, and take the origin as the central point of the group.

A prismatic tensegrity structure with D,, symmetry consists of 2n nodes, 2n horizontal
cables, n vertical cables and n struts. We assign that cables carry tension and struts carry
compression. Nodes of a prismatic structure lie in two parallel planes; horizontal cables
connect the nodes in the same plane, and vertical cables and struts connect those in
different planes. The nodes and horizontal cables have one-to-one correspondence to the
symmetry operations of the group, while the struts and vertical cables have one-to-two
correspondence (Zhang et al., 2008a).

2.2 Matrix Representation

The group multiplication table describes combinations of two operations (elements) of a
group. If a set of matrices obeys the group multiplication table of a group, these matrices
are said to form a matrix representation of that group. A matrix representation that can
be reduced to a linear combination (direct sum) of several matrix representations is called
reducible matrix representation, otherwise, they form an irreducible matrixz representation.
Characters are defined as the traces of irreducible representation matrices. They will be
shown to be important in identifying the structures of symmetry-adapted matrices. The
characters of the irreducible representations for point symmetry groups can be found in
books of character tables, e.g., Altmann and Herzig (1994).

A dihedral group D,, has two or four one-dimensional irreducible matrix representations:



for n odd, they are A; and A,, and for n even, they are Ay, Ay, B; and Bsy. For n > 2, there

are also p two-dimensional irreducible matrix representations Ej (k =1,...,p) where
| (n—=1)/2, mnodd
p= { (n—2)/2, neven (4)

The irreducible matrix representations of a dihedral group D,, are listed in Table 1.
The one-dimensional matrix representations are unique, and their characters are the rep-
resentation matrices themselves; characters of the two-dimensional representations are
also unique—2C}, for the cyclic rotation C of Ej and zero for the two-fold rotation Cy},
but there is some limited choice for the representation matrices. The symbols x, y and z
in the fourth column of Table 1 respectively stand for z-, y- and z-coordinates, and R,,
R, and R, stand for rotations about these axes (Atkins et al., 1970). We will show in
Section 3 that the blocks of the symmetry-adapted force density matrix corresponding to
the representations that stand for coordinates—A, and FE; representations in the case of
dihedral group—should be singular to ensure a non-degenerate configuration.

3. Symmetry-adapted Force Density Matrix

This section presents a direct strategy to find the symmetry-adapted force density
matrix: sub-blocks of the matrix are written as sums of the products of force densities
and the corresponding irreducible representation matrices. This analytical formulation
significantly simplifies the self-equilibrium analysis and makes it possible to obtain super
stability conditions (equivalent to those found by Connelly and Terrell (1995)) for the
whole class of prismatic tensegrity structures.

3.1 Force Density Matrix

Every node of a prismatic tensegrity structure is connected by three different types
of members: two horizontal cables, one vertical cable and one strut; and each type of
members has the same self-stress and length. The nodes in the top plane of the structure
are numbered from 0 to n — 1, and those in the bottom are n to 2n — 1. Node Nj in
the top plane is connected to nodes N, and N,,_;, by horizontal cables, to node N,, by a
strut and to N,., by a vertical cable: the parameters h and v are respectively used to
describe connectivity of the horizontal and vertical cables of the structure. The members
connected to other nodes can be determined by applying symmetry operations. We label
a prismatic structure with D,, symmetry and connectivity of h and v as D™?: for example,
the structure in Fig. 1 is denoted as D3

Let g, ¢, and g5 denote the force densities (self-stress to length ratios) of horizontal

cables, vertical cables and struts, respectively. Let Z denote the set of members connected
§R2n><2n

to node i. The (4, j)-component F; ;) of the force density matrix E € is given as
2 Gk for i = j,
ke
Eig) = —qk if nodes ¢ and j are connected by member k, (5)
0 for other cases.

Denoting ¢ = 2q, + q¢s + ¢q»,, E can be written as follows from the numbering and



connectivity of nodes

E= qRO - Qth - QhRn—h - qu‘Tl - QURn+U~ (6)

Define I as an n-by-n matrix, of which the (j + 1)-th entry in the j-th row is one while
other entries in that row are zero. Thus, the matrices R; (i € {0,h,n — h,n,n + v}) are
given by

R, = —-], for 0 <1i<m;

y (7)
R, = (I’i017,>T IO ] ,  for m <i<2n.

where O is an n-by-n null matrix; 7 in I’ is the power number, thus I° is the n-by-n
identity matrix.

Consider for example, the simplest three-dimensional prismatic tensegrity structure Dé’l
as shown in Fig. 1. The matrix I is

0 1 0
I=| 0 0 1|,
1 0 0
and the force density matrix E is
1 0 0, T 0 0 1, T 0 1 0, T
010, O 1 005 O 001 O
Bo o001 P S S S N S S
1 0 0 0 1 0 0 0 1
O 010 O 001 O '1 00
I 0 0 1| I 1 0 0] I 0 1 0]
1 0 0] I 01 07
O 010 O 001
0 0 1 10 0
B T I Tl 1T
010 O 1 005 O
L0 0 1 | L0 1 0 |
9 - @ —4s @ |
- ¢  —a, 0  —q —q
o =@ 9 =% 0 =g
—qs 0 —qv 1 g —qn  —n
@ -9 0 |- g —q
L O G —qs ' —qn  —qn q |

3.2 Symmetry-adapted Formulation



Table 2
Traces of the reducible representation matrices R;, and characters of the irreducible representa-
tion matrices of dihedral group D,,.

i 0 1 J n—-1 , n n+l n+j on — 1
~trace(Ry) |2 0 0 o o0 0o 0o 0o
,u\operation FE CTlL CTJL 07711—1 ; 0270 Cyq CQJ' Cz’nfl
A |11 1 r 1 T r o
As 1 1 1 1 | -1 -1 -1 -1
(B1) 1 -1 (=17 (~1" . 1 1 (-1 _1)n
(B2) I L G L G VL -1 (= (=
Ey 1 Cy Cj C(n—l)k: 1 0 0 0 0

In this subsection, we present the direct formulation of the symmetry-adapted force
density matrix.
Using R; and R, as generators, R; can be written as

R, =R = (R (R,)", with0<j<n and 7€ {0,1}. (8)

Thus, the matrices R; (i = 0,...,2n — 1) form a regular matrix representation of the
dihedral group D,,, since their products obey the multiplication table of D,,. Moreover,
they are reducible and can be rewritten as direct sum of the irreducible representation
matrices: their traces indicate how many copies of each irreducible representation matrices
are involved (Kettle, 1995).

Traces of the reducible representation matrices R; corresponding to each symmetry
operation are listed in Table 2 and summarised in T'(E):

I'(E) ={2n,0,...,0; 0,...,0}. (9)

From characters of the irreducible matrices of dihedral group listed in Table 2, the re-
ducible representation of the nodes can be written as a linear combination I'(E£) of the
irreducible representations in a general form as follows

p
D(E)=A1+ Ay + (Bi + By) +2 ) _ Ey. (10)
k=1

We use () to denote the symmetry-adapted form of a matrix. I'(E) characterises the
structure of the symmetry-adapted force density matrix E:

(1) The number of the representation y in I'(E) indicates dimensions of E#. Hence, the
blocks corresponding to the one-dimensional representations are 1-by-1 matrices, and
those of two-dimensional representations are 2-by-2 matrices.

(2) The dimensions of a representation indicate the number of times its corresponding
block appears in the symmetry-adapted form; thus, each one-dimensional represen-
tation has only one copy, and each two-dimensional representation has two copies of
blocks all lying along the leading diagonal of E.

In summary, the structure of E can be written in a general form as follows



Table 3
Selected irreducible representation matrices corresponding to the nodes connecting to node 0.

identity horizontal cable strut vertical
7 Ry R} R)_, Ry R
A 1 1 1 1 1
Ag 1 1 1 -1 -1
B | 1 (~1)h (~1)nh 1 (—1)
Bg 1 (_1)h (_1)n—h -1 (_1)v+1
B, [1 0} [Chk _Shk:| [Chk Shk] [1 0} [Cvk Svk]
0 1 Shk Chi —Sne Chi 0 -1 Svk —Cuk
o -
1x1
£
1x1
(B5) O
1x1 5
By
(]i—)xl) 5
_ B
2n><2n_ 2x2
o
O 2X2
EEr
2X2 B
E&»
L 2x2
~ ~ ~ ~ p ~
=E" @ E(aE” e E®)92) EM (11)
k=1

where the blocks EB' and EB2 corresponding to representations By and B, exist only if
n is even.

In conventional methods, E is obtained using the unitary transformation matrix T €
§R2n><2n:

E = TET", (12)
where TT7 is an identity matrix:
TT' = LI (13)
nxXin

Rather than forming the transformation matrices T, the block diagonal form of E can
be found directly using Lemma 1 below.

Lemma 1 The block E# corresponding to representation i of the symmetry-adapted force
density matriz i can be written in a general form as

E" = R — R}, — axRA_, — ¢, RE — g, RL . (14)

Proof. Since the matrices R; (1 = 0,...,2n — 1) defined in Eq. (7) or (8) form a regular
matrix representation of the dihedral group D,,, they can be written in the symmetry-



adapted form as follows from Eq. (10) (Kettle, 1995)

p
R, =R" o R™2(@R o R”) @2 R™*.

k=1

Hence, the force density matrix E can be written in a block-diagonal form as follows from
its definition in Eq. (6)

E' = gR{ — guR), — auRl_;, — R — ¢RI,
which proves the lemma.

3.3 Self-equilibrated Configuration and Super Stability

To ensure a non-degenerate tensegrity structure in three-dimensional space, the force
density matrix E (or equivalently E) should have rank deficiency of at least four (Connelly,
1982; Zhang and Ohsaki, 2006). Rank deficiency of a symmetric matrix can be calculated
by finding the number of zero eigenvalues, and we should do this on a block by block basis
for E.

From Eq. (14), the block E“ is always equal to zero, as all representation matrices RiA !
are equal to 1, and ¢ = 2q;, + qs + qu:

EY =R — gR;" — anRyY, — R — o R,

The other three zero eigenvalues will come from E42 and the two copies of EF', because
Ay and F4 are representations of the transformation of z- and xy-coordinates, as noted in
Table 1. Substituting from Eq. (14) and Table 3 gives

E' =g — gy —an = qs(=1) = qu(=1) = 2(¢s + @), (16)
and
a1 0] TG =S [ G —Sea
E™ =¢ [ 0o 1 ] qn [ g C,, dn Sp_ Chn
_ 1 0 Cy Sy
qs 0 _1 Qv Sv CU
1-CY

To ensure that E42 and EF! are rank deficient, we require
det(E*2) = 0 and det(EF") = 0, (18)

where det(-) denotes determinant of a matrix. These conditions are met if the relations



between the force densities of different types of members are given by

V2 =20,
Gv = —(s, qi =t (19)
Qv 2(1 — Ch)

Note that ¢, and g, are positive as cables carry tension (positive self-stress). The solution
obtained here agrees with that by Connelly and Terrell (1995).
Using the force densities in Eq. (19), Eq. (14) can be rewritten as

1 -
—E* = 2tRj — tR}, —tR)_, + RY — R, with t = ¢,/q,. (20)
Qv

Eq. (19) can necessarily ensure a three-dimensional self-equilibrium configuration for
a prismatic tensegrity structure, since E42 and E' are singular. However, there is no
guarantee that the structure is stable. To ensure the stability of the structure, we also
need to investigate the positive definiteness of the other blocks.

From Eq. (20), the blocks EP' and EP? of representations By and B, (when they exist
for n even) are

qlEBl =2 (D" = (=D)" M)t +1—(=1)"
qlEB2 =2—(=D" = (=)"Mt -1+ (1), (21)

and the two-dimensional blocks E* (k=1,...,p) are

lEE’@ _ [ 2t(1 — Cpp) +1 = Cop, —Ouk ] (22)

s — Sk 2t(1 — Chp) — (1 = Cu)

The two eigenvalues of EZ+ are

Ey, Ey
AT i1 — O) 200 — G, 22— 21— O) — 21— O (23)

4y Qu

)\f’“ > 0 holds since t > 0, 1 — Cy, > 0 and 1 — Cyp, > 0. For representation E;, we
know from Eq. (19) that A3 = 0. To satisfy positive semi-definiteness and minimum rank
deficiency of the force density matrix, which are the two sufficient conditions for super
stability of tensegrity structures (Connelly, 1999; Zhang and Ohsaki, 2007), )\5 Ffor k> 1
should be positive. Connelly and Terrell (1995) obtained the same two-dimensional blocks
making use of the special properties of the force density matrix as a circulant matrix, and
further proved that all other two-dimensional blocks (for k£ > 1) are positive definite if
and only if h = 1; i.e., horizontal cables are connected to adjacent nodes.

To confirm that h = 1 is the super stability condition for prismatic tensegrity structures,
we need to investigate the one-dimensional blocks: E41 = E4 = 0 always holds as
discussed previously; and EB' and EB2 exist only when n is even, for which we have
the following relation from Eq. (21) for h =1

10



—1—(—1)1:2i\/§—2>0.

V1-0C

In summary, h = 1 guarantees the two sufficient conditions for super stability of a
prismatic tensegrity structure: its force density matrix has rank deficiency of four (one
in E4, one in E*2 and two in the two copies of EEl), which is the minimum value for
a non-degenerate structure in three-dimensional space; and the force density matrix is
positive semi-definite.

4. Symmetry-adapted Geometrical Stiffness Matrix
In this section, we present a direct strategy to find the symmetry-adapted geometrical
stiffness matrix, which is used in Part I to investigate prestress stability of the structures.
As any node of a symmetric prismatic tensegrity structure is transformed to a different
node by any symmetry operation of D,, except for the identity operation, by which all
(in total 2n) nodes remain unchanged, the traces of permutation matrices for nodes are
summarised as follows (Fowler and Guest, 2000)

['(N)={2n,0,...,0; 0,...,0}

p
=A1+A2+(31+B2)+22Ek7 (24)
k=1

which has the same linear combination of irreducible representations as I'(E). Hence, the
permutation matrices for nodes can be block-diagonalised in the same form as R,.

A representation of nodal coordinates of the tensegrity I'(D) in the external coordinate
system can be found from the permutation representation of the nodes I'(/V), multiplied
by the representation of displacements of a single node, I'(T") = E; + Ay (noted in Table

1)
I'(D)=T(N) x I'(T)

p
= (A1 + Ay + (B1 + Bo) +2) _ Ey) x (Ey + Ay)

k=1

p
=3A; 4+ 345+ (3B1 +3By) + 6 Y E, (25)
k=1

where x denotes direct product (table of direct product of two representations of dihedral
group can be found in many textbooks on group representation theory, e.g., the book
by Atkins et al. (1970)). Similar to I'(E), I'(D) in Eq. (25) characterises the structure
of the symmetry-adapted geometrical stiffness matrix S: the blocks corresponding to the
one- and two-dimensional representations are 3-by-3 and 6-by-6 matrices, respectively.

11



Table 4
Reducible representation matrices for external coordinate system.

1 0 0 C, =S, 0 C, S, O

Np = 0 1 0 , Ny = Sh Ch 0 N,_n = =S, Cp, 0

0 0 1 0 0 1 0 0 1
1 0 0 Cy Sy 0
N,=|0 -1 0 |, Nysw=1| S, —-Cy, 0
0 0 -1 0 0 -1

From Eq. (25), the reducible representation matrix R of the i-th symmetry operation
for nodal coordinates can be formulated as follows, using the direct sum of irreducible
matrices of F; and As:

RE=Ri®| 0

_ R& 0
O R™®

]=m®m, (26)

where N, for i € {0, h,n — h,n,n + v} are listed in Table 4.

Similar to the symmetry-adapted force density matrix, we have the following lemma for
the symmetry-adapted geometrical stiffness matrix S.

Lemma 2 The blocks S* of the symmetry-adapted geometrical stiffness matriz S, corre-
sponding to the representation u, can be written in a general form as

1 - _ _ _ _ _
81— uRE — RN — tR"_, + R* — R",,. (27)
Qv

Proof. As shown in Eq. (25), the representation of nodal coordinates I'(D) is the multipli-
cation of that of permutation representation of nodes I'(V) and that of displacements of
a single node I'(T); moreover, the permutation matrices of nodes can be block-digonalised
in the same form as R!'. Hence, the symmetry-adapted geometrical stiffness matrix cor-
responding to the irreducible representation u can be found as follows

1 -~ _ _ _ _ _
~ & — 2RI (R —tR" , +RY —R',,
Qv

where R/ is Kronecher product of the irreducible representation matrix of the permutation
of nodes R/ and the reducible representation matrix of the coordinates of a single node

N; as defined in Eq. (26).
Thus, the lemma is proved.

From Eq. (27), the blocks S4 and S#2 can be written as

12



Table 5
Relationships between eigenvalues of symmetry-adapted forms of the geometrical stiffness matrix
and the force density matrix.

Sk EX n
3A1 A2 E1
3142 A1 E1
3B, B E, even
3By By E, even
6F, | A1 A E; E,
6 E Ep Ex Eyt1
6F, E, 1 2E, | odd
6Ep Bl BQ Ep,1 Ep even
L [2a-cn+1-c, ~S, 0 ]
— S = -8, 2t(1—-Cp) —1+C, 0
B I 0 0 0 |
1. 2t(1 - Cy) — 14 C, Sy 0 ]
— Sz — S, 2t(1 - Cy)+1-C, 0 (28)
@ I 0 0 0 |

It is easy to verify that the eigenvalues of St are those of (EEl &) EA2>; similarly, the

eigenvalues of S42 are those of (EEl S5) EAl), which follows from

A1X(E1+A2):E1+A2

AQ X (E1 + AQ) = E1 -+ Al. <29)

In a similar way, relationships between the eigenvalues of symmetry-adapted forms of the
force density matrix and the geometrical stiffness matrices are summarised in Table 5.

Blocks SB' and SP2, when they exist for n even, are given by

¢1 (_1)v+15’v 0

LR NGV
QU I O 0 ¢3
[ e (=S, 0
—SP=| (-1 s 0 1, (30)
Qo I 0 O ¢6
where
61 = 2t(1 — (~1)"Ch) + 1 — (~1)°C, ¢ = 2t(1 — (=1)"Cy) — 1 + (~1)°C,
B3 =2t(1 — (=1)") =1+ (=1)* ¢4 =2t(1 — (=1)"Cy) + 1+ (-1)*C,  (31)
¢s = 2t(1 — (—1)"Ch) — 1 — (=1)°C, ¢ = 2t(1 — (=1)") =1 — (=1)".

13



And blocks SP+ of the two-dimensional representations Ej, are given by

©1+ P2 —¥3 0 —p4 —P5 — Y6 0
—p3 P1 — P2 0 V5 — Vs o 0
Lam _ 0 0 ©7 — P8 0 ©9
Go — 4 Y5 — Ve 0 P1— P2 3 0 ’
—P5 — P6 P4 0 ©3 1+ P2 0
I 0 ©g 0 0 o7+ s |
(32)
where
01 =2t(1 = Cr,lChi) w2 =1—C,Cp 3 = 5S,Cpi
g = CySuk 05 = 2tSpShk 06 = SypSuk (33)

w7 = 2t(1 — Chy) ps =1 —Cy 09 = Syk-

5. Symmetry-adapted Equilibrium Matrix .
_ This section presents the symmetry-adapted equilibrium matrix A and the mechanisms
M lying in the null-space of its transpose A™T.

5.1 Block Structure

Unlike the force density matrix E or the geometrical stiffness matrix S, the equilibrium
matrix A € RO" of a prismatic tensegrity structure is not square. In conventional
methods, the symmetry-adapted equilibrium matrix A can be computed as follows using
the transformation matrices T p and T respectively for external and internal coordinate
systems (see, for example, Kangwai and Guest (2000))

A = Tp A(Ty )" (34)

6nx4n 6nx6n dnx4n

To make clear the structure of A, we initially investigate linear combination of rep-
resentations of its members (internal coordinates). Using tables of characters similar to
those in Kangwai and Guest (2000), it should be noted that different types of members
cannot be transformed to each other by any symmetry operation. Thus, the horizontal
cables, struts and vertical cables should be considered separately.

Tables 6, 7 and 8 show the numbers of members unshifted by each symmetry operation.
Each linear combination of representations is also written in terms of irreducible repre-
sentations. I'(M) is the linear combination of representations for all members, I'(M) =
L(My,) + T'(My) + T'(M,) where T'(My), I'(Mj) and T'(M,) are those for horizontal cables,
struts and vertical cables, respectively. The tables are formulated separately for n odd
(see for example Fig. 2); n even and v odd (see for example Fig. 3.(a)); n even and v even
(see for example Fig. 3.(b)).

Based on I'(M) and T'(D), we can describe the size of the blocks in the symmetry-
adapted equilibrium matrix A. There are a blocks for each a-dimensional irreducible
representation. The number of rows of a (block) matrix is given by the coefficient on the
corresponding representation in I'(D), and the number of columns by the coefficient in
['(M). Thus, for example, the A; block AM s a 3-by-3 matrix, because there are three
A; representations in both of T'(D) and I'(M). Furthermore, columns of A4 come from
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Unshifted C,; c,,
by Cas \ R/ -

Unshifted
by Cs

Cz{ > 2¢
4 Unshifted
/ % \ by Cas
Cz.z Cis
(a) h=1,v= (b)y h=1,v=2

Fig. 2. Structures D" with n(=5) odd. One strut and one vertical cable remain unshifted by
any two-fold rotations, and all are shifted by any n-fold rotations except the identity operation.

Unshifted
by C,

) O
Cys l Cys
(&

(a) h=1,v=1

Fig. 3. Structures D" with n(= 8) even. Two struts remain unshifted by a two-fold rotation
(5 2i, and all struts are shifted by C5 2;41. For v odd, all vertical cables are shifted by Cs 2;, and
two are unchanged by C5 2;41. For v even, two vertical cables are unshifted by C3 9;, and all are
shifted by 02’21'+1.

the horizontal cables, struts and vertical cables separately, because all of I'(M},), I'(Mj)
and I'(M,) have one representation A;. Similarly, A4> is a 3-by-1 matrix, and the only
column comes from the horizontal cables because there is no representation A, for struts
or vertical cables.

5.2 Representation of Mechanisms

Following Fowler and Guest (2000), the shape of blocks of the equilibrium matrix gives
information about mechanisms and states of self-stress. Written in terms of the repre-
sentation of mechanisms including rigid-body motions I'(m) and the self-stress I'(s), we
have I'(m) —T'(s) = I'(D) — I'(M). However, we have shown that the prismatic tensegrity
structures have only one mode of symmetric self-stress, thus I'(s) = A;. Therefore, the
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Table 6
The linear combination of representations of members for n odd.

FE c? Ca representation
F(Mh) 2n 0 0 A1 + A2 +2 EZ:l Ek
+I(M) | n 0 1 Ai+>V | E
+I(M,) | n 0 1 A+ Y8 _ | Ey
:F(M) 3A1 +A2 —1—42221 Ek
Table 7
The linear combination of representations of members for n even and v odd.
FE C,ZL 02’21' 0272¢+1 representation
F(Mh) 2n 0 0 0 A1 + A2 =+ Bl + B2 + 2 ZZ:l Ek
+T(My) | n 0 2 0 A+ B+ Y, | Ex
+I(M,) | n 0 0 2 Ay 4+ Bo+ Y8 _| Ey
:F(M) 3A1 +A2 —|—231 +2B2 +4ZZ:1 Ek
Table 8
The linear combination of representation of members for n even and v even.
FE C’fl Cooi  C22i41 representation
F(Mh) 2n 0 0 0 A1 +A2+Bl +B2 —1—22221 Ek
+T(My) | n 0 2 0 A+ B+ Y | Ex
+I(M,) | n 0 2 0 Ai+ B+ Y _| Ey
=T(M) 3A1 + Ay + 3B+ B+ 4> % _| Ej,

representation of the mechanisms is
I(m)=A,+T(D) - T(M); (35)

for v even

['(m)= A1+(3A1+3A2+(3B1+3B2+6ZEk 3A1—|—A2—|—(231+2B2+42Ek

k=1 k=1

p
=41 + 24,4+ (2By) + 2> Ey,
k=1

and for v odd

I'(m)=A; + (34; + 3As + (3By + 3Ba+) 6ZEk (3A; + A2 + (3B; + By+) 4ZEk
k=1 k=1

p
=41 + 245+ (B1 + B2) + 2> Ey,
k=1

Hence, there is one mechanism of A; symmetry, two mechanisms of A, symmetry and so
on. In total, there are 2n + 1 mechanisms including the rigid-body motions.

5.3 Unitary Member Direction
The concept of unitary member direction introduced in this subsection has a vital role in
deriving the symmetry-adapted equilibrium matrix, and thus, infinitesimal mechanisms.
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Fig. 4. A single node of prismatic tensegrity structures with dihedral symmetry. The node is
connected by two horizontal cables, one vertical cable and one strut.

The equilibrium matrix A can be formulated as follows (Zhang and Ohsaki, 2006)

A* CcTuL™
A=| AV | =] CTVL' |, (36)
A~? CT™WL™!

where C € R1"*2" describes the connectivity of the structure; U, V and W (€ Rinxin)
are diagonal matrices, in which the diagonal entries are coordinate differences in each of
directions z, y and z; and Le R*"*4" is a diagonal matrix, of which diagonal entries are
member lengths. Hence, the diagonal entries of UL™, VL', and WL are the z, y and
z components of the unitary member directions.

When we apply transformation matrices to A to derive its symmetry-adapted form A,
as in Eq. (34), we are thus actually dealing with the unitary member directions, and in
fact the symmetry-adapted equilibrium matrix can be directly derived from these unitary
member directions.

Consider a single reference node of the structure as shown in Fig. 4. The coordinate of
the reference node can be written as follows (Zhang et al., 2008a)

o C,— 14 /21 -C,) B 2Sv/2(g— Syy2) i

Sy v
H H
5 2

where H denotes height(-to-radius ratio) of the structure. Other nodes of the structure
can be determined using symmetry operations.

Denote the lengths of the strut, horizontal cable and vertical cable as Iy, I, and [,,
respectively. The unitary directions d;, and d,,_; of the two horizontal cables connected
to the reference node can be computed as
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xo — Cho + Spyo Ch—;“ + Sg
lhdh:XO_NhXO = yo—Chyo—tho :45%5'% S% —Ch ,

]|

0 0
ro — Chwo — Shyo _C% + Sg
lhdn—h = XO — Nn—hXO = Yo — Chyo + Shili'o = 45%5% Sh%v + C% . (38)
0 0
(39)
Thus,
8535y | 1-5% 15,9. | ©3
dh + dn—h = 2 Cu and dh - dn—h = 2 Se —1 . (40)
I, 2 Iy, 2
0 0
Unitary directions of the strut d, and vertical cable d, are
0 0
lsds = XQ — NnX() = 2y0 = 251, s
H H
xo — Cyxo — Su¥o —Sy
lvdv :XO - Nn+vX0 - Yo + vaO - Svl'o - 45%(1 - S%) C_% ) (41>
H H

where H = H/[4S53(1 — S3)].

5.4 Symmetry-adapted Equilibrium Matrix

Because horizontal cables have one-to-one correspondence with the symmetry opera-
tions of a dihedral group, its transformation matrix , T4, for a one-dimensional represen-
tation u can be defined as (Kettle, 1995)

1
TH = Nor [R§,....RY,... RS, (42)
Since the i-th and (n + i)-th (i =€ {0,...,n — 1}) symmetry operations take the strut
connected by nodes N; and N,,; to itself, the transformation matrix , T, for struts can
be written as

1

Vin

and similarly, ,Th, for vertical cables is

-
sTh =

[Rg—i_RgaaRf_'_RZ—}-zv?RZ—l +R§n—l]ﬂ (43>

1
UT# = T [R'g + RZ+U7 SR 7R7 + RZ—H’—&-U? s ’RN + Rgn—l? RZ—U + RZ? SR 7R‘!7i—1 + Rz—l-i-v] :

M — \/@ n—1—v
(44)

Note that there are 2n entries in , T/, but only n entries in ,T%, and ,T%,, which are
identical to the number of the members.

18



For a two-dimensional representation Ej (k = 1,...,p), the transformation matrix
R T € B2 for horizontal cables is given as

Rg(lvl)v Tt R7<1’1)7 ) R';nfl(lvl) [Ozk] ) [Ozk:]

TEk — i Rg(lvz)’ R Ry(1’2)7 R Rgnfl(va) — i _[Szk] ) [Szk]
M \/ﬁ 5(27 1)7 R Rf<27 1)7 DR Rgn—l(Qv 1) n [Slk] ) [Szk] ’
Rg(zv 2)7 tey Rf<27 2)? R Rgn—1<2> 2) [Czk] ) - [Czk] ( )
45

where [Cy] and [Si;] (€ R") are row vectors:

[Czk] - |:007 Ok7 cee 7Cik‘7 ey O(n—l)k:|
[S,k]: {S())Ska---asik:,---,S(n—l)k} s fori:(),...,n— 1.

For the struts and vertical cables, the transformation matrices are written as follows

[ O+ Cil] 2C5]
o | S | [0]
M [Six + Sjx] 25] |
[Cir+ (—=Ci)] 0] |
Cjk + C(j—i—v)k C(]+ v) Cvk
] TS+ Sere e, Sv
ST = LA Clit 3o for j=0,...,n— 1. (46)
Sike + S(g+opk S+10 Cvk
[Cir + (—=Cum) [S(]—&-gv)kS%_

It is apparent that the first and the second rows, and the third and the fourth rows are
dependent, hence, only the first and the third rows are present in STff and , T, (€ R¥"),
which are normalised as

wi- | Bl ]
1

{Ojk + Cligo)k
n(l + Cyk)

vTEk =
. (S + S sum

} for j=0,...,n—1. (47)

The transformation matrix T, of the members for the representation p can then be
combined as
nTh; Q) O
T, = @) sTh, O
0] Q) Ty
and the transformation matrix Tj; € R4 of the members for all representations can
be further assembled as

, (48)

Ty
T2
Tu=| . |. (49)

Ep
TM
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As indicated in the formulations of the equilibrium matrix A and its transformation
matrices, components of its symmetry-adapted form A can be separately formulated for
different types of members. Since horizontal cables have one-to-one correspondence with
symmetry operations, their symmetry-adapted components AZ for representation p can
be directly formulated as follows using its unitary member directions d; and d,,_j,

Al =R} ®d,+Rf®d, 1, (50)

in a similar way to the formulation of the symmetry-adapted geometrical stiffness matrix
presented in Section 4.

The symmetry-adapted components A# of struts and A# of vertical cables can be
formulated in a manner similar to that of horizontal cables in Eq. (50), as follows

- 1 - . -
At = —(Rf +RY) ®ds and AL =

ak

1

ak

(RE +R)) @d,, (51)

where a/ = a/* = /2 for one-dimensional representations and a = /2, a* = /T + Cy
for two-dimensional representations, to ensure correct normalisation. RY is constructed
from components of the irreducible representation matrix of R;‘ : for one-dimensional rep-

resentations R;‘ = R? , and for two-dimensional representations

R = l gj 1 . (52)

For convenience, we write the symmetry-adapted components of all types of members
corresponding to each representation p together in a form as

Av=[ Ay Ar. Ar (53)

Consider initially A;. Since all types of members have representation Ay, A4 can be
formulated as

A= ditdan,  ds Hd [ =] dibdes, V2, V2d, | (54)

A is singular with rank deficiency of one, and the infinitesimal mechanism lying in its
transpose is
452
A z
m*=| -1 |. (55)
1

Now consider the block of the equilibrium matrix corresponding to irreducible repre-
sentation As. Only horizontal cables have an A, representation, thus

. 85289s | 1—5%
AY = dy+dyy | = ; x| (56)
h
0
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The mechanisms in its null-space are indeed the rigid-body motions, translation in and
rotation about the z-axis, as indicated in Table 1, and are found as follows

1+ Sy 0
mi2 = —C andmy2=| 0 |. (57)
0 1

When n is even, the struts have representation By; the horizontal cables have represen-
tation B; for v odd and B, for v even. Hence, for n even and v odd, we have

ABl — [ d, + (—1>hdn7ha \/§ds } and ABQ = [ d, + (—1)hdn7h, \/§dv } ) (58>

with infinitesimal mechanisms

Cy Cy
m?! = Sy +1 and m?? = Sy +1 for h odd, (59)
25'1,(5% +1) Sv(l—S%)
- H T H
and
1+ S% 1+ S%
m? = —C'y and m? = —Cy for h even; (60)
25,CYy 25,Cy (253 —1)
7] 7]

when both n and v are even, we have
APr= dy+ (-1, V2d,, V2d, | and AP = | dy+ (=1)'d, s |, (61)

with the infinitesimal mechanisms

Ce 0
m?2 = Sy 1 and m2=| 0 for h odd, (62)
0 1
and
1+ 5y 0
mb2 = C and mP2 =1 0 for h even. (63)
2
0 1

AFr for a two-dimensional representation £}, is

; Co+C Co+C
Er 1 0 n 1 0 vk
A ’“-lRo@dHRh@dn—m x/ilSoJrSn]@ds’ mlswsvk}@d”]

(10 Chi —Shk Co 1 1+ Cu
—[[ ]®dh+[5hk Chk‘|®dn—hvﬂl0‘|®dsvm Svk ®dv )

01
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which can be written in a symbolic form as

er. —e3 0
o —& G 1
AEe 0 0 CQ UE
AT = es e 0 m |’ (65)
€4 & 0 ns
0 0 0 7 |
where
€1 = Clhyvy/2 + Snj2 + Cri(=Clh—v)j2 + Shy2)
€2 = S(h4v)/2 — Chy2 + Cri(Sth—v) /2 + Chy2)
€3 = Shk(c(hfv)/2 - Sh/Q)
€4 = —Shi(Sth—v)/2 + Chs2)
and
¢ =25, G=H H = HJ[4S, (1 — S,)5)]
h = _(1 + Cvk)Sv/Q N2 = (1 + Cvk)CU/Q N3 = (1 +_ka)H
Ny = —SukSu/2 N5 = SorCo2 N = SorH.

The infinitesimal mechanisms lying in the null-space of (AEk)T are
[ N6(€283 — €1€4)
0

- B, 0
m
—776<€182 -+ 5384)
m6(c1 + €3)
| na(e162 + e384) — Mi(€ags — €164) — 15(e] +€3) |

—_
I
—~
=
D
~—

and

Cane(E182 + £364)
—Came (7 + €3)
. Gimled + <)
Come(—e164 + €2€3)
0
| Goma(erea — e283) — Gom(erea + e3e4) + (Gom2 — Cums) (€1 +€3) |

where

E9E3 — E1&84 — Z(SU/Q — 1)(_Shk5h)
€162 + e364 = —2(Sy/2 — 1)C,yj2(Chr — Ch)
E% + 8% = 2(SU/2 — 1)[(Chk: — Ch)(SU/Q + Ch) — Si]

6. Conclusions
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This study shows that symmetry allows simple analytical formulations to be calculated
for the study of the mechanics of a whole class of structure. The formulations have been
used directly in Part I (Zhang et al., 2008a) to understand the stability of prismatic
tensegrity structures. They have also been used in Zhang et al. (2008b) to study the
stability of dihedral ‘star’ tensegrity structures.

The methodology in this paper can be applied to any other class of symmetric structure.
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